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Ответить на контрольные вопросы: 1, 2, 4, 5, 6, 7, 8, 9, 10, 11. 

Практическая работа №59.
Свойства линейной функции (составить конспект).
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1. Область определения и область значений обратной функции. График обратной функции.
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Практическая работа №60.
Обратные функции и их графики.
Преобразования графика функции.
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10 апреля 2020г. пятница
Практическая работа №61.
Обратные функции и их графики.(составить конспект, изобразить все чертежи).
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Решить упражнение №132.

Определения функций, их свойства и графики.
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Повторение.
[bookmark: _GoBack][image: D:\Новая папка (2)\img259.jpg]
(оформить развёрнутое решение).

Разработал:
Преподаватель математики 				М.В.Горовая
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§ 3. HENNPEPBIBHOCTb ®YHKLHH
CIIPABOYHBIA MATEPHAJI

1. ®ynkuua [(x) Ha3biBaercsi HENpepHIBHOH B TOYKE Xo, €CJH
oOHa omnpeaeneHa B HEKOTOPOH OKPECTHOCTH 3TOH TOYKH M €CJIH Mpeaes
(QYHKUMM NPH X — Xo paBeH 3HAYEHHIO QYHKUHH B 3TOH TOuKe, T. €.
lim f (x)=F (xo).

X == Xo

2. ®yukuusa f (x), HenpepbiBHAsA B KaX/J0H TOYKE 3aJaHHOrO Ipo-

MeXyTKa, Ha3blBaeTcs HeNpepLIBHOM Ha BCEM IPOMEXYTKe.
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3. Jhw6as paudoHanbHAR DYHK
1Sl HenpephiBHA TIPH BCEX 3Haye-
HHAX HE3aBHCHMOH MNepeMEHHOH,
npH KOTOPLIX OHa ompeaenexa. Jlio-
Oas WppauHoHa/NbHAs QYHKLHA He-
npepeiBHa B JI060H TOuke 06J1aCTH
onpejeNeHusi, KpoMme KpaHHHX TO-
yeK, eCJIH OHH CYILECTBYIOT.
Hanpumep, ¢ynkuusi y=x° He-
npepeiBHa B JI060H TOuKe uHCJIO-
BOM MPAMON, a GyHKUMSA y=/X He-
npepeiBHa B Ja060# Touke x>0.
4. Ecnu  GyHKUMA, onpeneneH-
Hasi B HEKOTOPOH OKPeCTHOCTH TOY-
KH Xo, B TOUKE Xg He OnpeneneHa Hau Puc. 179
ee npejes B TOYKE Xo He paBeH
3HAuYeHHI0 (YHKIUM B 3TOH TOYKeE,
TO rOBOPAT, YTO QYHKIUHS HMeeT pa3pbiB B TOUKE Xo, @ TOUKY Xo HA3HI-
BAlOT TOYKOH pa3phiBa. ‘
Hanpumep, dynkuust y=-§— HenpepbiBHa B JOOOH Touke X0,

a B Touke x=0 TepNUT pa3phiB.

YNPA)KHEHHA C PELIMEHHUSAMH
1. Maua (pymmmi
_fx+3 npn.x>0,
f(x)'"{ x—1 npu x<C0.

Haiith Touxky paspuiBa 1 3naueHde QYHKUHH B 3TOH TOuKe. \
Pewenue Pyuxuus Tepnut paspnoiB B Touke x=0, Tak Kak
npu x — 0 npenen stok (ynkuuu He cyuwecrpyer (puc. 179). 3na-
_uenue dyHkuuu npu x=0 pasuo f (0)=0—1=—1.
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§ 5. NEPHOAHYECKHE ®YHKILHH

CNPABOYHDIA MATEPHAJ

1. ®ynkuusa [ Ha3biBaeTcsi TEPHOAHYECKOM, €CJH CyUleCTByeT
Takoe 4Hca0 70, yTo nNpH /MO6OM X H3 O6G/NacTH onpeneieHHs
dyHkuHH uncna x— 7T H x4 T Takxke NpHHaAAeXaT 3TOH 06JacTH H
BHNONHsAeTC paBeHcTBO f(x)=f(x—T)=f(x+T). B 3toM cayuae
yHcso T Ha3blBaeTcs nepHonaoM (pYHKUHH f.

2. Ecam T — nepuon ¢ynkuun, 1o Tk, rne k€Z, k0, Takxke
nepuon ¢yHkunn. CrienoBaTesibHO, BCAKasi NepHOAHYECKas (PyHKUHS
HMeeT GeCKOHeuHOe MHOXecTBO nepHonoB. Ha npakrTuke o6uYHO pac-
CMaTpHBAlOT HaHMEHbLIHA NOJIOXKHTENbHbIA NEPHOA.

3. 3HaueHHs NepHOAHYECKOH (PYHKIHH uYepe3 NPOMEXYTOK, paB-
HHH NepHOAY, NOBTOPAKTCA. 3TO OGCTOATENBCTBO HCMOIB3YETCHA NpH
NOCTPOEHHH rpadHKOB.

§ 6. MPOME)XYTKH 3HAKONOCTOAHCTBA
H KOPHH ®YHKUHH

CNPABOYHBIA FMATEPHAJI

1. YncnoBbie NPOMEXYTKH, Ha KOTOPHIX (PYHKLHSI COXpaHsieT CBOH
3HaK (T. e. OCTaeTcs NOJIOXKHTENILHON HJIH OTPHILATEJIbHOM) , HAa3LIBAIOT-
Cfl NPOMEXYTKaMH 3HAKONOCTOAHCTBA (PYHKUHH.

2. O npomexyTKax 3HaKONOCTOSIHCTBA (PYHKIIHH JIETKO CYAHTb NO
ee rpapuxy. PaccmorprM, Hanpumep, ¢yHKunio y=x (puc. 12).
3nech f(x)>0 npu x€ER,, f(x)<<O npu x€R_. B nepsom cayuae
rpadHK pacnoyioxeH Buile ocH Ox, BO BTOPOM — HHXKE €e.





image4.jpeg
Puc. 14 ‘Puc. 15

3. 3nauenusn aprymenra x€D (f), npu Koropsix f (x)=0, Ha3biBa- .
J0TCSi KOPHSAAMH (MM Hy/AsIMH) GyHKUHMH. 3HaueHHsi aprymeHra, TpH
KOTOpbIX (yHKUHA o6paiiaercss B HyJb,— 3TO a0CUHCChI TOYEK mepe- -

ceueHus rpaduka ¢yHKuuH ¢ ocbio Ox (puc. 13).

KoHTpoabHbIE BONPOCH

1. daiite onpeneneHne yHKLHH.
2. Uro Ha3biBaeTcs1 06J1aCThio onpeneseHHs QYHKIHH H MHOXKECTBOM
e 3HayeHHH?

3. ®yukuuda [ 3anaHa MHOXECTBOM nap(—;-; 2) ,(—2—-; 6),(—5-; 12) i

(2 2). Ykaxute D(f) u E(f). Haimure f(-%—) f(—j-) £(2).
. ®yHkuus sanana popmyaoil y=>5—x Ha mHoxecrse X. Haiinu-
Teé MHOXecTBO Y 3HaueHuit QyHkuuH, ecad X=(0; 1; 2; 3; 4; 5.
. ®yukuusa f 3agana rpapuyecku (puc. 14). Ykaxure D (f) u E (f).
. Haiite onpeneseHHe Bo3pacraiouleéi H yObiBalouled (GYHKUHH.
. JlokaxwuTe, 4T0 PyHKUHA, 3aaaHHasA GopMyJioH [ (x)=2x+ 3, BO3-
“’pacraiouias. :
. Jlokaxwure, uto GyHKuus, 3afaHHas GpopmyaoH [ (x)= —0,5x 45,
y6biBaloLas.
. Ilaiite onpenesneHye YeTHOH H HeUETHOH (PYHKIHH.
. Jlatite onpeneneHue nepHoAHYECKOH (YHKLHH.
. YKaXuTe NPOMEXYTKH 3HAKOMOCTOSAHCTBA (QYHKUHH, rpaduk Ko-
TOpo# H300paxkeH Ha pucyHke 15. Hakaurte mo rpaguky KopHH
(yHKIHH.

-0 O o ~Nooo E

o
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I'padukom nmHeTHOW (YHKIIMU SBISIETCS 4
npsMast imuHus (puc. 17.12).

KosdduimeHT k£ Ha3bpIBaeTCs y2108biMm y=kx+b
Ko3@ppuyuenmom npamoii (OH YUCICHHO £
paBeH TaHIEHCY yIlIa HaKJIOHA MPSIMOM K IO~
JIOXUTEILHOMY HallpaBieHHIO ocu OX, T.e.
k =1tgo).

YucioBoii mapaMeTp b maeT HaM KOOpIOU- -
Haty Touku A(0; b)) — TOUKU IepeceUYeHUs
MpsMoii ¢ oceio OY. Puc. 17.12

Bo3MOXHBI pa3iMYHbIE CIIy4aud PacIioo-

XKEHUS MPSIMOM:

1) £ =0: y = b — nipsimas mapajurebHa ocu OX;

2) b =0: y = kx — nipsiMasi IPOXOOUT Yepe3 Ha4aJlo KOOPAWHAT;

3) ypaBHEHUE MIPSIMOI, IMapajureabHoi ocu OY, He BBIBOOUTCS U3 00-
mero y = kx + b, a 3aIMCcBIBaeTCS Cpa3y U3 reOMETPUIECKUX COOOpakKeHU I
B BHUJIE X = @, TI€ @ — IEUCTBUTEIHLHOE YHUCIIO.

B o6mem Buze npsiMasi y = /X + b 0OOBIMHO CTPOUTCS MO ABYM TOYKAM:

BA\®
0

|
>y

x=0=y=>b—touka A(0; b) n y=0:>x=—% — TOYKa B(—%; O).
@ ITocTpouTh rpaduku ciemyomux GyHKOuUi: a) y = 3; 0) y = —Xx;
B)X=-2;T) )y =2—%x (puc. 17.13).

Pewernue. PaccMOTpUM YaCTHBIN CIydail ypaBHEHUS y = kX + b.
Ecmu b # 0 u k # 0, To ypaBHEHHE MOXHO IT€pEIICaTh B BUAC: —kX +y =

= b wim, pa3nenuB o0e yacTH Ha b: X 12 _1. Monoxus A= ~%, B=b,

_b b
o k ¢
MONYYHUM: — + =~ =1 — ypaBHEHUE MPAMOI «B OTpE3Kax».

A B
T'eoMeTpudeckuii cMBICT K03 GUimeHTOB A 1 B COCTOUT B TOM, 4TO
MpsMasi IIPOXOIUT Yepe3 TOUKHU ¢ KoopauHatamu (A4; 0) u (0; B), T.e. oT-
CEeKaeT Ha OCAX KOOPIMHAT OTPE3KH JUTHHEI [A| u | B|.

Puc. 17.13 Puc. 17.14

183
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§ 3. KBAAPATHYHASl ®YHKUHA H EE FTPA®HUK
CNPABOYHbIA MATEPHAJI

1. ®ynkuus, 3anannas ¢opmynoi y=ax’-+bx+c, rae x, y —
nepeMeHHbIe, a @, b 1 ¢ — 3ajaHHbIe YHCaa, puyeM a =0, HasbiBaeTcst
KBaJpaTHYHOH.

2. O6nacTbio onpee/ieHHs KBapaTHYHO#H (YHKIHH SIBJISIETCS MHO-
xectBo R.

3. Tpadukom dbynkuun y=ax®-+ bx+ ¢ aeasercs napaGona. Eciu
a>0, To BerBH napa6o/ibl HanpaBjeHbl BBepxX; ecau a<<0, ToO
BeTBM Mnapabosibl HanpasieHsl BHH3. OcCblo CHMMETPHH mapaboJibl

CYKHT MpPAMAs X = —;—a.
4. KoopAHRATHI BepUIHHEI NapaGobl ONpeaensiores o Ghopmynam
TN __4ac—0b*
Xo=—35=, o=y (Xo)=—F=

5. Ksaapatuunyio GyHKuuio y= ax’-+ bx - BCeraa MOXHO NpH-
BecTH K BHLY y=a (x4 k)’ p nyreM BbIAeieHHS MOJHOrO KBajgpara
CIefyiolHM 06pa3oM:

CrpynnEpoBaTh ABa fIePBbIX CAAraeMbiX H BhIHECTH KO3 duULHEHT a
3a CKOOKH:

y=a(x’+% +¢
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BHYTPH CKOGOK K BbIPaXeHHIO x’—+-£a£ npH6aBHTL W  BBIYECTH

b b?
KBA/IpaT MOJIOBHHH —-, T. €. 771

b b? b?
y=a( #+E 4+ 50— 0) +e.
Tpu mepBHIX C/laraeMblx B CKOOKax 0OpasyloT MOJHBIA KBaapar.
i bx | b? b?
y=a((#+%+ L) — 1) +e=
il BN pe A
—a((x+5r) —ir) +e=

GINEhe
=a(x+3;) Bl
b 4ac—b*
—a(x-}-ﬂ) g
bl 480 b?
3neck k=5, p=—p

Touka ¢ KoopAMHaTaMHu (— k; p) ecTb BepLiMHA Napabosbl.
6. paduk KkBagpaTHuHO# dYHKUMH y=a (x+ k)’ +p nonyuaercs
U3 rpaduka GYHKUHH y=ax’ C MOMOLIBIO NapaJIeIbHOro nepeHoca.

YNPA)XHEHHS C PELUIEHHSAMH

1. Boigeautb M3 KBafpaTHOro Tpexu/eHa MOJHbIH KBaapar:
1) £2—3x—3; 2) 2x°—8x—1; 3) —3x’44x—2.

Pewenue 1) Bocnonpdyemcss TeOpeTHYeCKHM MaTepHaJoM,
KOTOPbI M3JI0XKeH B 1. 5. 9 A i

9 . o
1) ¥*—3x—3= (x2—3x+T—-T)—3= ("—‘f) SR
SN el
=(x-——2—-) -—54—.
2) 22 —8x—1=2(x’—4x)—1=2(x’—4x+4—4)—1=

—2((x— 2P —4)— 1 =2 (x—2)*—8—1=2(x—22—9.
4

3) —3tar—2=—3(¥—¥)—2=—3(#-Yt+i-—)—

(e B R R R e

2N e
=Bk i

2. TlocTpouTb rpaduk QyHKUHH:
1) y=x*—3x—3; 2) y=—3x*+4x—2; 3) y=x|x| —2x.
Pewenue. 1) Bogenum nonuwii Kpagpar: y=x’—3x—3=
=(x—1,5)*—5,25. Cnenosareanto, A (1,5; —5,25) — Bepwuuna na-
paboabl. Haiinem Touxy nepeceyenusi napaGosns ¢ ocbio Oy. Ecan
x=0, T0 y=0"—3.0—3= —3; (0; —3) — TouKa nmepeceyeHHs na-

pa6oanl ¢ ocbio Oy. BerBu mapaGonbl Hanpap/eHbl BBEpX, TaK Kak

a=1>0 (puc. 32).
92
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1
AUL5; -57)
Puc. 32 Puc. 33 Puc. 34

2) BouinenuM nosHbIA KBampar:

2
y=—3"+4r—2=—3(x—2) - 2.
CnenoBarenbHo, Touka A(%—; ——g— — BeplUHHA napa6oJnl;
(0; —2) — Touka nepeceuenus napaGobl ¢ OCHIO Oy, BeTBH napa6onsl
HanpapJ/ieHbl BHH3, TaK Kak a= —3<<0 (puc. 33).
3) Bocnonbsyemcs onpenesieHHeM MoayJs:
a) { x>0, { x>0,
y=x"—2x; y=x(x—2).
y=0, ’

Kopuu naHHOH QyHKuUHH: { Xy =0 xameD;

IMoctpoum rpadux ¢yHkuMM y=1x(x—2) c yuerom, uto x>0
(puc. 34).

6) {x<0, {x<0, ;
; y=—x>—2x; y=—x(x+2).
Kopuu naHHO#l GyHKuMH: { y=0,
X1 =0, Xo= —2.
Moctponm rpaduk dynkuun y= —x (x+42) ¢ yuerom, uto x <0
(puc. 34).

OHIAKTHYECKHA MATEPHAJI

1. BeinesnTe u3 KBaJpaTHOro TpexuJeHa MOJHBI KBALpaT:
A1) £*—6x+8; 2) x*+6x410; 3) x2—2x—2; 4) x2—2x.

B. 1) 48" —6x+8;2) —2¢*4+4x—12;3) 2 — 241 2, 4) 224 s,
: .98
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haBa 18. KBAAPATUYHAA ®YHKLUMUA
U EE TPADUK

18.1. KeagpatuuyHana GyHKUMA U ee rpaduk

@ @Oynkums Buna y = ax? + bx + ¢, tie a # 0, Ha3bIBaeTCs Keadpamuy-
Hou ghynruyueii.

I'padpuxom KkBagpaTHuHOI (GYHKLUU SIBISIETCS KpUBasi, Ha3bIBacMasi
napaboaoi.

YacTHble Ciaydau.

1. y = ax? — mapa6ona ¢ BepIIMHOI B HaYaJe KOOPAUHAT, T.€. B TOY-
ke O(0; 0) u HampaBieHHas: BETBIMU BBEPX, e a > 0, U BHU3, €CIN
a<i),

®yHKuMs y = ax? sBIsSeTCs YETHOM, TaK KakK y(—x) = a(—x)? = ax? =
= y(x).

Ee rpaduk cummerpudeH oTHOCHTENLHO ocu OY.

2. y=ax? + ¢ — napa6ona c BepumHoi B Touke A(0; ¢), HarpaBIeHHast
BETBSIMM BBEDX, €ciii a > 0, ¥ BHU3, ecid a < 0.

DyHKUWMS y = ax? + ¢ ABIsAETCA YETHOM, TaK Kak y(-x) = a(-x)? + ¢ =
= ax? + ¢ = y(x). Ee rpadMK CHMMETpUYEH OTHOCHUTEIBHO ocu OY.

3.y = a(x + b)*> — napa6ona ¢ BepmmHO# B Touke A(—b; 0), Harpas-
JICHHas BETBSIMM BBepX, eciv a > 0, ¥ BHM3, eciu a < 0.

OO0mumii caygaii. B 3aBucuMocTy or 3HaYeHUs TUCKpUMHUHAaHTa D
rpaduK KBaApaTHIHON GYHKUUU y = ax’ + bx + ¢ UMEeT CIeoyIOLIMiA
BUI:

a) D < 0 — mapab6ona He nepecekaet ock OX (puc. 18.1, a, 6);

0) D = 0 — mapaboia kacaercs ocu OX B OZHOI TOUKe x=—%
(puc. 18.2, a, 6);

Puc. 18.1

187
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~1b
\ a>0 2a
c 0/ X
c
/ a<0
X

ol b
2a
a o
Puc. 18.2
Y 4
a>0 DG
4a } a<0
_b i
2a !
x\o| | X X olf1 _b o X
| 4 2a
D
-2 /

a

D

Puc. 18.3

B) D > 0 — mapa6oina nepecekaeT ocb OX B ABYX TOYKaXx X; ¥ X,
IIe X; ¥ X, — KOPHU KBaJpaTHOIO TpEXWIeHa ax? + bx + ¢ (puc. 18.3,
a, 6).

18.2. Mpumepbl NOCTpoeHUs rpaduxkos
KBafpaTU4YHOU PYHKLUMU

@ 1. IToctpouts rpaduku byHkmii: 1) y = %x’; 2) y=—2x?* (puc. 18.4,

a, 0).

[11] 2. Mocrponts rpadmxn bymxmmit: 1) y = 2x2 - 4;2) y = -x> + 1
(puc. 18.5, a, 6).

@ 3. Tloctpouts rpaduku dyakmmit: 1) y = 2(x — 1)% 2) y = —(x + 1)?
(puc. 18.6, a, 6).

@ 4. TToctpouTh rpadmk GyHKIMHE y = X2 — 4x — 5.
Pewenue. a=1; b=-4; c=-5; D= 36;
X = —1; Xy = 5,
y=(x-2)?-9 (puc. 18.7).
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Puc. 18.4

Puc. 18.5

Puc. 18.6
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Puc. 18.7 Puc. 18.8

@ 5. IlocTpouTh rpaduK GYHKIUH Y = —x> + 2X.
Pewenue.a=-1;b=2;¢c=0; D=4,
X7 =0 5%= 2.
y=—(x-1)2+1 ( puc. 18.8).
[11] 6. MocTpouts rpaduk dyrkmm y = 0,5x + 3x + 6.
Pewenue. a=0,5,b=3;c=6; D=-3;
y=0,5(x+ 3)>+ 1,5 (puc. 18.9).
L_Iil 7. Tlo Buay rpaduKa KBaIpaTHOTO TPEXWIEHa y = ax? + bx + ¢ onpeje-

JINTH 3HAKU K03 duimeHToB a, b u ¢ (puc. 18.10).
Pewenue. BetBu 1mapaboJibl HalpaBJIEHB! BHU3, CJIEIOBATENIbHO, a < 0.

ITapa6ona nepecekaer ock OY Boiie ocu OX, cienoBarenbHo, ¢ > 0.
BepmmuHa mapa6oiisl HaxoguTcs JeBee ocu OY, clienoBaTelbHO,

——<0=b<0, Tak KaK a < 0. OkoHuaTeapHO UMeeM: a < 0; b < 0; ¢ > 0.

45
y=0,5(x+3)2 y=0,5(x+3)*+1,5

Puc. 18.9 Puc. 18.10
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[?2] KouTponbHbie Bonpocski

1. YkaxuTe TeOMETpHIECKUil CMBICT KO3GhOUIMEHTOB a, b, ¢ KBaIpaTUIHOMI
dyukumu y = ax? + bx + c.
2. ITpu KaKOM 3HaYEHUH X JOCTUTAETCS MAKCUMallbHOE (MUHUMAIbHOE) 3Ha-
YEHME KBaPaTUYHOU (QYHKIIMM ¥ YEMY OHO PaBHO?
3. IIpuBenute npuMepsl rpahrKOB KBAIPATUYHBIX (DYHKIIUIA:
a) He mepecekaroIux ock OX;
6) kacarommxcs ocu OX B OIHON TOYKE;
B) nepecekamomux ocb OX B IBYX TOYKAX.

3ana-m ANA CaMOCTOATENIbHOI0 peLueHnsa
1. IToctpoiite rpaduku crenyomux GyHkuuii: 1) y=%x2 -2x+3;2)y =
=22 4x—6;3) y = —x?— 2x + 3; 4) y=—-;—x2 ~2x-3.

Knioyesble crnioBa: KBafpaTHbI TpexyieH, napa6ona, KBagpaTuiHas
QYHKLMSA.
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§ 5. APOBHO-JIUHENHASl ®YHKUHA U EE TPA®PUK
CMPABOYHbIA MATEPHAI
o
cx+d’
npuueM ¢*0 (uHaue Mbl mwe.nu 6bl JauHelHyI0 QYHKUHIO) H ad 5= be
(uHave nmosyuuJsn 6bl QyHKUHIO BHAA y=const).

1. ®yukuus Bujga y= rge a, b, ¢, d— nocrosiHHble,

QyHKUHA OnpejesieHa BCIOAY, KpoMe x= -—%—.
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2. s noctpoeHusi rpaduka npeobpasyem npasyio HacTb paBeH-
CTBa, BBIJEJNHB LENYI0 YacTb:

akhl (“L—__) e <x+%>+(l’“%q)=
ST a0
Gt Ty el

bc—ad d ;
Ilonaras k= cc2a‘ 0 nz—j—, nojsy4yaeM 4To ApOOHO-
& . k
JIHHeHHY1I0 QYHKLHIO BCerja MOXKHO NPHUBECTH K BHAY y=n+x+m :
3. CornacHo npaBusiam, paHubiM B § 1, rpaduk ¢QyHKUHH

k
MOXHO MOJYYHTb CIABHIOM THNepGOJbl y=-— Ha | m|

k

=
Y -I—xJr
enunun Baosb ocH Ox u Ha |n| enunuu Bronb ocH Oy. B kakom
HanpaBJIeHUH BBIOJHSETCS CABHUT, 3aBUCHT OT 3HAKOB m U n (puc. 36).

k
an 3TOM CABHre acCHMIITOTHI I‘Hﬂep60.}1bl y=-;— (KOOpllHHaTHbIe

ocH) nepeiayT B mNpsMble y=n (y—_-—-%), X=—m (nx=——j—).

Atu npsiMble GyAyT acCHMNTOTaMH APOGHO-JIHHeHHOM (pyHKuuu

4. Ins 6oJiee TOUHOTO NOCTPOEHHA rpadHKa Lesecoobpa3Ho HAUTH
TOUKH €ro nepeceyeHusi ¢ KOOPJAMHATHBIMH OCAMH. Hrak, rpaduk
IpOGHO-IHHEHHOH (YHKUUH ecTb rumepboJa.

*|=x

Puc. 36 Puc: 37
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YNPAXKHEHHS C PEIIEHHAMMU

ITocTpouts rpaduk ¢byukuuu:

e s st el 2%=8
Wv=srm: &) Yeears i 9) y—' x—2|'
p 4x+41
emenue. 1) Ilocrpoum rpaduk dyukuuu dengeta
Bbiaenum uenyio yacre: 3 3
Vol i 4x41 __4("_?+"2') ke
S i R o g 3 T ]
3 3 0 ;
__4("_‘2') T SR O ) ol 80 B e
( 3) T2 (0 21(R) 2(x—1,5) x—15 " o
2{ x—— )

Orciona cnenyer, uto npamble x=1,5 u Y =2 ABJSAIOTCA aCHMMTO-
TaMH 3TOH rHnepGoJbI.
Tenepbr Haxonum Touku ee mepeceuenusi ¢ ocaMu Ox u Oy.

Ipu x=0y R o it
o B ol i Y
Ecnu y=0, 10 0 = 55 T & Xx= 4

Cneu,osa’re.nbuo, rnnepﬁo.na nepecekaer ocb Ox B TOuKe

A( ——;:—;0), a ocb Oy B Touke C(O; —-Z—;—)

B3siB ewle HeCKOJIbKO KOHTPO/MBHBIX TOYEK, MOCTPOUM rpadHkK
(runepGony) (puc. 37).
k
3ameuanue B oranuue or rpaduka GyHKIL MU Y =-—-rpaduk

APOGHO-THHEHHONH (GYHKUHH MOMKeT fiepeceKkaTb OCH KOOPJAHHAT.
2) Tloctpoum  rpaduk  ¢yHKuHH y=§f_+7i.
y=~;ii;,— TO rpagHK AaHHOH (YHKUMH CHMMeTpHUYeH rpaguky

¢yHKuMH H3 ynpaxkHeHHs | oTHocHTenbHO ocH Ox (puc. 38).

2x—3
x_2| . Boigenss uenyio

[Tockoabky

3) Tloctpoum rpaduk dyHkuun y=
4acTb, HMeeM:

2x—3| _I 1 |
KR LT 2+x—2 :

CnenoBartenbyo, cHawasa Hago MOCTPOUTb TrpaduKk (yHKUHH

y=|

1 {
y=m, 3aTeM MNepeMecTHTb ero BBEpX  Ha 2 €OHHH LI, mocJe

3TOro yacTb rpaduka, OKa3aBIUYIOCSI B HHXXHEH MOJyMJI0CKOCTH,
0TO6pa3uTh B BEPXHIOIO MOJNYMIOCKOCTb (pHC. 39).

4 B. C. Kpamop i 97
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1 2
) e D) e D 0) Wman W y=2+

Puc. 38 Puc. 39

JUAAKTHYECKHHA MATEPHAJ

IMoctpoiite rpaduk GyHKIMH:
1 3

x—4 '

B 1) y=2=2; 2) y=1=%; 3) y=57

2)

98

x—4

sl
1 y—lx——2| i

Otsern.A. 1) Puc.40;3) Puc.41;4) Puc.42. b. 1) Puc. 42;
Puc. 43. B. 1)Puc. 44.

Ry

Puc. 40 Puc. 41
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o

o s W

Puc. 42

Puc. 43 " Puc. 44

Koutpoasnbie Bonpocs

. Kakas ¢yuxuns HaspiBaercs auHeitHoi? KakoBbl o6aacTh ee on-

penesieHHs1 H MHOXXeCTBO 3HAUYeHHH? _ '

Yro siBasieTcsi TpaHKOM JNHHEHHON DYHKIHH?

KakoBbl uacTHble ciyyan JuHeRHON GYHKUHM H KaK PacrioioKeHbl
Ha KOOPAHHATHOH MJOCKOCTH rpadMKH B 3THX Cayyasx?

- Kakum npeo6pasoBanneM MOXHO MOJYYHTb H3 rpauka QyHKIHH

y=x rpaduku yHukuuit: a) y=~kx+b; 6) y==~ (x4 a)?
CKoJIbKO TOUEK, KOOPAHHATH KOTOPBIX YAOBAETBOPSIOT yPaBHEHHIO
Y=kx+b, 10CTATOYHO HMETh Ha MJIOCKOCTH, YTOGbI MOCTPOHTH
rpapuk GyHKUHH?

. Kak saBucut pacnonoxenue rpaduka dyuxiuu y=kx+b or

BE€JHUYHHBI b?
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17.9. I'Iomime o6paTHON PYHKLUMUM

@ Ecnm dynkuus 3agana ypaBHeHueM Buaa f(x,y) = 0, He paspelnieH-
HBIM OTHOCHUTEJIBHO Y, TO OHA IPU HEKOTOPHIX YCIOBHUAX HA3BIBAETCS
Hea6HOU (PyHKWuel apryMeHTa X.

@ ITycts 3amaHa HekoTOpass GYyHKIUSA ¥ = f(x), KOTOpast KaXIOMY
3JIEMEHTY U3 MHOXecTBa D(f) CTaBUTCS B COOTBETCTBHE OIUH 3JIEMEHT
un3 MHoxecTBa E(f). Ecniu o6paTHOe COOTBETCTBHE €CTh TOXE (DYHKIIMS,
T.€. KaXA0oMy 3HaueHUI0 ¥ € E(f) COOTBETCTBYeT €NMHCTBEHHOE 3HAYe-
Hue x € D(f), To ee Ha3bIBAIOT 0Opammnoii hynxuuer o OTHOUIEHUIO
K yHKImm f(x).

B sTroMm ciyyae cooTHonieHME y = f(Xx) ompenensieT X Kak HesIBHYIO
¢yHk1umio ot y. Ecim 3T0 COOTHOIIIEHNE pa3pelmMo OTHOCUTENIBHO X,
TO MOJIYYMM SIBHOE BhIpaxXeHre oOpaTtHOi GyHKIMU: X = g(y).

Ecmu dynkuus g siensiercss 0OpaTHOM MO OTHOIIEHUIO K (GYHKIUH f,
TO 1 QyHKIMS f gBNIsIETCS OOPAaTHOM O OTHOLICHUIO K QYHKIIVHU g, T.€.
9TH I8¢ GYHKIUU — @3auMHO-06pamHuble.

OpHa ¥ Ta Xe KpuBas y = f(x) npeacTaBisieT co60ii rpachuk QyHKIIN
y = f(x) u rpaduk o6paTHOI GyHKIMHU X = g()) (EC/IM OHA CYLIECTBYET),
HO B IIOCJIEAHEM CITy4yae 3HAYEHUS] apryMEHTa pacCMaTpUBAIOTCS Ha OCH
0Y, a 3Ha4eHnsT QyHKIIUM — Ha ocu OX.

Ecnu npupepXuBaThcsl CTAaHIAPTHBIX 0003HAYECHMI M HE3aBUCHUMYIO
IepEMEHHYI0 0003HayaTh Yepes X, a GyHKIuIo — yepes y, To QyHKIus,
o0paTHas 1o OTHOLLEHMIO K y = f(x), 3anuiueTcs B Buae y = g(x). B atom
ciydyae rpaduk GYHKIUM Yy = g(x) cuMMeTpuuYeH rpaduky GyHKIUU
¥ = f(x) oTHOCHUTETBHO NpsiMOit y = x — GuccexkTpucsl I u II1 koopmu-
HaTHBIX YIJIOB.

[ns B3auMHO-06paTHBIX GYHKINI UMEIOT MECTO CIEAYIOIINE COOT-
HoweHust: D(f) = E(g), E(f) = D(g), T.e. obaacmb onpedenerus 0aHHOU
dyHKyuu coenadaem c MHOM¥CECmMEOM 3Ha4eHuli 06pamuoll yHKyuu,
u Haobopom.

OG6parHyI0 (GYHKIUIO JJIs KPAaTKOCTH YacTo 0603HavaloT £,

I'paduk obparHoii dyHkuuu ! nmomyyaerca U3 rpaduKa MCXOIHOM
byHkuMH £, ecnu y Kaxioi Touku (a, b) rpaduka I'y momeHsaTh MecTaMu
KoopnuHatel a u b: T'x, = {(b; a):(a; b) € I's} c BxA, Tak xak I'r cocto-
UT U3 TAKMX TOYEK (a,b) € Ax B, uro b = f(a), a [';» — U3 TaKMX TOYEK
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Puc. 17.15

(b,a) € BxA,4ro a =f"'(b); HO coracHO onpeeNeHHIo 06PaTHOI GYHK-
MM, paBeHCTBA b = f(a) u a = f'(b) sxBuBaneHTHHL. B ciyyae, korga
A c R, B c R, nepecraHoBKa KoopauHar (a, b) — (b, a) reoMeTpu4ecKu
MOXET OBITh ONKMCaHa KaK IPeo0pa3soBaHUE CUMMETPUM OTHOCUTEIHHO
NpsAMOiA a = b, T.e. oTHocuTeNbHO OuccekTpuchl I u I KoopaMHATHBIX
ymoB (puc. 17.15, a—eg).

@ IMoctpouts rpaduk dyHKIMM Y = COsX (IJIaBHYIO BETBb) M 0OPaTHYIO
el pyHKIHIO.
Pewenue. I'paduk dyHkuuu npencrasied Ha puc. 17.16.

Puc. 17.16
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§ 1. OBPATHAS ®YHKLHA
CMPABOYHBIA MATEPHAJI

1. IMycts GyHkums y=[(x) MOHOTOHHA B cBoel 06siacTH omnpe-
nenenuss D (f). Torma xaxiaomy 3Ha4yeHHIO xeD (f) coorsercTByeT
enuHcTBeHHOe 3Hauenue yeE (f) u  obparHo: Kaxaoe  SHa-
uyenne yeE (f) coorBeTcTByeT eAHHCTBEHHOMY xeD (f). 3na-
YHT, B 5TOM CJyYae MOXKHO MOCTPOHTH HOBYIO (PYHKLMIO, ONpENE/eH-
nyo Ha E (f) u Takyio, 4To Kaxiaomy yeE (f) craButc B COOTBET-
crue xe D (f), ynosneTsopsioliee ypaBHEHHIO y=[(x); Ora HO:
Baﬂf?)})'HKuHﬂ HasblBaeTcsi OGpAaTHOH MO OTHOUIEHHIO K (YHKUUH
y=F (%)

2. Hnsi HaxoxaeHusi QYHKIHH, o6parHoil aaHHo# y={ (x), HaxO
BHIPA3HTh X yepes y: x=g (y), a 3aTeM 3anucarhb MOJTYHCHHYIO hyHK-
uHio B o6wenpuuaTol gopme y=g(x). :

3. OTMeTnM, uTO eclH GyHkuun y=/f(x) u y=g (x) ABAAIOTCH
B3AHMHO O6PATHHIMH, TO 06/1aCTh ONpee/eH s PYHKIHN f coBnanaer
C MHOMECTBOM 3HaueHuil (YHKIHH g H, HaoGOpOT, o6aacTh onpeje-
JieHusi GyHKUMH g COBNAAaeT C MHOXKECTBOM 3HaueHUH GYHKUMH f,
1.e. D()=E(g) u D(&)=E ()

4. Tpadukn B3aUMHO OGDPATHBIX GYHKUHE CHMMETPHUHbI OTHOCH-
TebHO TIpAMON y==x (puc. 214). '

5. Paccmorpum, Hanmpumep, (QyHKIHIO y=yx’, 3aJlaHHyIO0 Ha TNPO-
MexyTke (—oo; 0] Ha stom mpomexyTke ¢yHKUHS yOLIBaeT W NpH-
HUMaeT BCe 3HaueHHs U3 MHoxecTBa [0; 4 oo). CrenoBarenbHo, AJf
LaHHON (YHKUHMH CyliecTByeT oGpaTHas. W3 ypaBHeHus y=x" Haxo-

UM X=+/y HIM x= —1/y; TaK Kak NepeMeHHas X MOXeT NpHUHH-
MaTh TOJIBKO HENOMOMHTENbHbIE 3HAYEHHs, TO HCKOMasi oGpaTHas .
GYHKUHA HMEeT BHA X = —1/y. TlomeHsiB 0603HaueHHA X HA Y H Y Ha X,
nosyuum Qopmyiay Y= —A/x, rie x>0, ¢ nomoubIO KOTOpOH H 3a-

naerca o6paTHasi QyHKUUS. ;
- Ecan e paccMaTpuBaTh (PYHKIHIO y=x°, 3aJlaHHyI0 Ha Mpome-
xKyTke [0; + 00), To 06paTHOl /A HEe CIYHHT byHKIMA Y =-/x, rae
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Puc. 214 Puc. 215

x=0. Ha pucynke 215 uso6paens rpaduk Oyukuuu y=x> npu
x>0 u rpaduk o6paTHO# el ByHKUHH.

YNPAXKHEHMS C PEIIEHMSAMHY

3anate dopmynoi bynkuuio, obpartsyio f. Iloctpours rpadu-
KH RaHHOH U o6paTHOM efi (yHKUMH, ecau byrkuus f 3agana ¢op-
5":“, rae x<<0.
Pewmenne. Bupasus x uepes y, umeem y=5+—:—, %:y-—s,

MYJIOH y=

Habigem

x=;—1—5. 3aMeHHB X Ha y, a y Ha x, NoMy4HM y=x45'

06J1aCTb omnpe/esieHHsi 06paTHOI OYHKIMH, OHA COBMajaer ¢ MHO-
KECTBOM 3HaYeHMH 3aNaHHOH GYHKUHH. DTHM MHOMNKECTEBOM CJIYKHT

NpOMeXyToKk (—oo; 5) (puc. 216). Hrak, y=-x—i—5, x<5 — dyHk-

/

IHsl, o6paTHasl NaHHOH.

AUNAKTHYECKKA MATEPHAJ

Buisenute dopmyay, sananouyio ¢dyukumio g, obparnyio nanHHOM
¢yukuun f. Ykaxure obaacts onpefesieHuss ¥ o6JacTh 3HAYCHUIH
(yHKLUHH g:

D y=2:+1 2) y=—L; 3) y—_0rt1; g Y
B) =2y 30

Orsern. 1) g(="3"; E(@)=D(@=R; 2) g)=—-L;

E(@)=D()=(—c0; 0)U (0; =) 5) g(t)=\/%; E()=D ()=
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Bzaumuo o6paTHbIe QyHKIUM

hi f o6o3HaueHNs (QPYHKIUMU, KPOMe M3BECTHOI'O BaM
y=Y (x), gacro umcmosndyiorT OykBwl f, g, F u T. 1O.
HaUpuMep, OHIIYT: JaHa Gysrnua y = f (x) (uura-
ercd: «Hrpex paseH 3@ OT MKC») HUJIM MIUIIYT:
g(®)=2x-1,F (x) = x2 u r. m. IIpu 5TOM He3aBUCHU-
MyI0 TePEMEHHYI0 X OOBIYHO HA3BIBAIOT APZYMEHMOM
pyHKIKH. Bospacraromniue m yObIBaroiue (QYyHKIUNA
pAOTAa HAa3bIBAIOT OJHUM CJIOBOM — JMOHOMOHHbLE.
Ecv 3agaHa GyHKIUA y = f (x), TO I KaKAOTO 3HA-
qeHUA X U3 06JacTH ompefeleHUA QYHKIUU MOMKHO
pa#iTH COOTBeTCTBYyIOIlee 3HaueHue y. Hepeako mpu-
xOBUTCA pelraTh 00paTHYIO 3afady: IO JaHHOMY 3Ha-
qeHHUI0 QYHKIIUY § HAXOAUTH COOTBETCTBYIOIIee 3HAYe-
g€ apryMeHTa X.

[[pEMEPOM MOXKeT CIYKUTH (opmya v = U, — &t, KO-
roPad BBIPAXKAET 3aBUCHMOCTb CKOPOCTH U JBUIKEHUS
re/1a, OPOIIEHHOr0 BBEPX C HAYAIBHOM CKOPOCTBIO V),
or BpemeHnm apmKeHus t. M3 oToil GopmMyssl MOMKHO
maliTH 06paTHYIO 3aBUCUMOCTD — BPEMEHHU ¢ OT CKOPO-
ex¥: Ut

UO =l

g

=

B PaCcCMOTPEHHOM IPHMepe KaXKIOMy 3HAUEeHUI0 QYyHK-
¥ COOTBETCTBYET OJHO BHAYEHUe apryMeHTa. s
raKUX QYHKIUE MOMHO BEIPAS3UTH OOPATHYIO 3aBUCH-
MOCTh 3HaUeHHUI apryMeHTa OT 3HaueHUU (QyHKIWU.
TakKe QYHKIUK HA3BIBAIOT 00PAMUMbLMU.

Haupumep, GyHKDUA y = 2x — 2 obOparuma, Tak Kax

ga’kloe 3HaUueHNe Yy NPUHUMAETCA IIPU eJUHCTBEHHOM

sgAYeHNN apryMeHTa X. OTO 3HaUeHHe MOXKHO HAWTH,

pelllasi ypaBHeHUe Y = 2x — 2 OTHOCUTEJIBHO X.

DOYHKIUSA Y = x? He sBIsIeTCA 06GpPATHMMOM, TaK Kak,
»
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HaIpuMep, 3HadYeHue y = 1 OoHA NPUHHU-
Maer npu x = 1 u npu x = -1 (puc. 14).
Ilycrs y = f (x) — obpaTumasa QyHKIUA.
Torga KaKAOMY Yy U3 MHOYKeCTBa 3Ha-
yeHN# GYHKIUU COOTBETCTBYET OIHO
ompezeseHHOe YMCJIO X U3 obiacTu ee
ompejeneHus, Takoe, 4To f (x) = y. 91O
COOTBeTCTBUE oOIpenenseT (MYHKIUIO X
OT Yy, KOTOpyio o6GosHaumMm X =g (¥).
B srT0ii 3ammMcu B COOTBETCTBHHU C IIPH-
HATBIMH 0003HAUEHUAMYU IIOMEHSEeM Me-
cramu x u y. [Honyuum y = g (x).

Puc. 14 ®ynxnuio y = g (x) HaseIBalOT o0pam-
Holl K QyHKIuu y = f (x).
3amaua 1 HaiiTu QpyHKIUIO, 00paTHYIO0 K QYyHKIUHU
y=3x+5. (1)

p Pemasa 5TO ypaBHeHHEe OTHOCHUTEJIBHO X, IIOJIydyaeM

= —:1; (y—-5). B aroit ¢opmysie IOMEHsSeM MeCTaMH

xuy:
y=§-(x—5). 2)

dyuaknua (2) obparHa ¥ pysxnum (1). <

Boo6ite, eciu obparumas QyHKmua y = f (x) 3agaHa
dopmyIoii, TO AJIsS HAXOXKIEHUA oOpaTHOM (QYHKIUN
HY’KHO peInuTh ypaBHeHHE [ (X) =y OTHOCUTEJIBHO X
U 3aTeM IIOMEHATH MECTaMU X HU Y.

3aMeTHM, UYTO pPACCMOTpPEeHHasd B 3ajade QYHKIUA
y = 3x + b aBageTcsa 0OPAaTHON K HalJeHHO! N Hee

o0paTHOH Y = % (x —5) pyuxuuu. ITosTomy ot QyHK-
UM HA3LIBAIOT 83AUMHO 00DAMHbLMU.

Ws ompeneneHuss o6paTHOM (YHKIHMH CIELyeT, YTO
06J1aCTh OIpeJeSeHus 00paTHON (GYHKIMM COBIAJA-
eT CO MHOXKEeCTBOM 3HAUEHWI MCXOLHON (QYHKIUH,
a MHOKECTBO 3HauYeHHU oO6paTHON (GYHKIHUHK COBIA-
naeT ¢ 00JACTBIO OMpejeeHus MCXONHOHM (pyHKIuM.

3amaua 2 HatitTu QpyHKINO, 00paTHYI0 K QYHKIUHA Y =—1—E.
i
p Pemasa sT0 ypaBHeHHE OTHOCHUTEJIBHO X, IIOJydaeM

x=2+l. 3aMeHMB X Ha Yy M Yy Ha X, HAXOAUM
Yy

y:2+l.ﬂ
X
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Yy

1
y—2+3—c

Puc. 15

Puc. 16
B oroit 3amaue ob6sacTh omnpeneseHus (QYHKIUUA
1

y =

x-2
PaBHBEIX 2, a MHOKECTBO €e 3HAYEeHUH — BCe JeNCTBU-
TeJbHBIE uKcia, He paBHbIe 0. I'paduk aToit GyHKIUM
n300pa’keH Ha puUCyHKe 15.

€CTh MHOeCTBO AeﬁCTBYITeJIbHBIX 4qucej, He

s obparHO# GyHKIUH Y =2 + 1 o6nacrs ompejeie-
x

HUS — MHOKECTBO JeMCTBUTEJIbHBIX dYHCeJ], He paB-
HeIX 0, a MHOKECTBO 3HAUEHUUA — BCe JeHCTBUTEJb-
Hble 4Ywucia, He paBHble 2. I'padpur sTolt (QyHKIHHM
u3obparkeH Ha pucyHKe 16.
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Teopema 1. MoHOTOHHAsE QYHKIMSA SABIAETCS 00-

paTHMOH .
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IIycrs dpyaxnus y = f (x) BospacraeT u OycThb Y, — €€
BHAYEHWE B HEKOTODOH TOUKe X, T.e. Y, =1 (x).
Torma ecam x OpUHAAIEKHUT O00GJACTH OIpeAeIeHUS
(GyHKIUM, TO NpH X > X, BBIIOJIHAETCA HEPABEHCT-
Bo f(x) > f(xy) =y, a mpum x < x, — HEPaBEHCTBO
f(x) <1 (xp) =y,

CremoBaTensHO, 3HaueHue Yy, QyHKuud f (x) OpuHH-
MaeT TOJIBKO B OJHOM TOUKe X, U IOITOMY SBJIAETCSH
obparumoii. [Ina y6biBamomeli GyHKIUN AOKA3aTeNb-
CTBO IIPOBOAUTCS aHAJOrM4YHO. O

Hanpuwmep, dyHKNmuA y = x° BO3pacTaeT M II0ITOMY
ABIsAeTCA oOpaTMMoOil; oOpaTHOM K Hell saBiIseTcs

byHKRIUA Y =§/; (puc. 17).
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Ecnu Qyukmus y = .| (x) Bo3pacTaer,
TO C yBeJIUYEHUEM X' 3HaUYEeHUusd Yy yBe-
JIMUMBAIOTCH U, HAO®OPOT, € yBeJIHdIe
HOEeM Yy yBeamuuBaiTCH X- 9To Oo3HA-
yaer, uro ofparHag QYHKIUA TaKKe
Boapacraer. AHajoridTHO €CJIHI pyHsK-
nusa y = f (x) y6esa@eT, TO ob6paTHada
K Hell QyHKIHUA TariiKe yosiaeT. Ha-
npumep, QyHKIUAA fi(x)= 1 — 2x yOBI-
paer u obparmas @K Hed QYHKOHA

g (x) = 1=% raxme yyObIBACT.

DyHKIUA, HE SBASKOIIAACH MOHOTOH-
HOl, obpaTHOM MoOxkieT HE nmers. Ha-
g 17 npumep, GyEKOHUA y' = xz, paCCManI:I-
BaeMas Ha BCell 4mcI0BOH ocu, He HWMEET o6paTHOM.
OnHAKO ecau GYHKIHUIO y = x° paccMaTpUBaTk TOJIBKO
mpu x > 0, To Ha 3TOM IPOMeKyTKe (OHa BO3pacTaer H,

cJIefloBaTeIbHO, UMeeT obpaTHyIo y == V¥ (puc. 18, a).

®dyaxnus y = x2, paccmarpusaemaal TPH X < 0, yo6®I-
BaeT M TaKyKe MMeeT OOPATHYIO Y = _Jx (puc. 18, 0).

Teopema 2. Eciu dyaxnus umeer o6paTHYIO TO
rpaduK 06paTHO# (QYHKIHMM CHMMETpPUIeH rpa@uKy
[aHHOH (QYHKIMH OTHOCUTEIBHO ImpaMo# y = X-

@® Ecnu Touka (x,; Y,) IPUHALIEIKUAT I‘}‘pa(bI/IRy GyHKI AU
y = f (x), T0 Touka (y,; X,) IpHHALIEEHAT rpadury 00-
patHo# ysxnmy y = g (x) (puc. 19)), & TOUKRH (Xo; Yo)

Puc. 18
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Puc. 19

131

132

133

134

(xg3 Yo)

Puc. 20

1 (yg; Xxo) CAMMETPUIHBI OTHOCHUTEIbHO IPAMOR Y = X

(puc. 20). O

Pucysox 18 wiIocTpupyer STy TEOpEeMY.

OTmMeTHM, UYTO CTeIeHHad pyuxnus y = xP ¢ obJia-

CTHIO OIIpeJeseHud X >0 u p=#0 obparuma, TaK

KaK OHA MOHOTOHHA. O6parHoit K Heil ABIAETCA PYHK-
i

nus Y = x;.

YupaxHeHHd
(YerHo.) BhifCHUTE, ABgeTcs JU 00paTHMOil QyHKIUA:
1) y=8x-1; B H=r 50 3) y=1;

X
4)y=ﬂ; 5) y=x% 6) y=x4, £<0.
Haiitu GyHKIHIO, obpaTHYIO K JaHHOM:
1y =28~ 4 2) y=-bx+4;

1 2 3x-1
3) y==-x--3 4) y=—"7—3
=g B )y -
5) y=22+1; 6) y=x*-38.

Haiitu 061acTh onpeseteHns 1 MHOJKeCTBO 3HAaUeHnH QyHKIWUH,
ob6paTHOH K IAaHHOM:

1) y=-2x+1; 2) y:ix-7;

Ha=e"71 &y 3=l ~ TP

5) y="2; 6) y=—>r
x x—4

dyuxnua y = (x) 3amaHa rpadurom (puc. 21). ITocTpouTs rpa-
pux pyHKIUHA, oOpaTHOH K JAaHHOM.
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2\ y=f® 2
1 y=r® 2
T | i gt ez Hol ¢ .4 x
a) 6)
1/1\ y1\
L 4 4
y=1(x)
1 y=f® 1
-2 0 e 2 x I ) 1 ¥ x
8) z)
3 Puc. 21
135 SIBJIAEOTCH JIA B3AUMHO OOPATHBIMU pyHEKIUA:
1) y=-x> 1 y=—J— 2) y=—2" m y= Vx;
) y=x3 um y—Jl__ 4) y=%x m y=x3«/x2?

Haitru QyHKIHMIO, 00paTHYIO K JaHHO¥A:
1 3 3 1
1) y=-x2; 2) y=-x5; 3) g2 xf; 4) y=-x3%.

Ha opHOM pHCYHKe TOCTPOUTE rpaduk AaEHOH (QYHKIUH
u QyHKIUH, obpaTHON K NaHHOM; HANTH 061aCTh OIpeJeNeHnsT
M MHOKeCTBO 3HAUEHWH KayKJo#i M3 HIHX:

2x=1

1) y=3x-1; R bdercey .3)y—gc2—1npnx>0;

4) y=(x-1)? mpu x > 13 By g=x*-2;
6) y=(x-1% T y=Ax=1; 8)y=«/;+1.
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17.4. Nonsatue GyHKUUU OAHOW NepemMeHHOMn

ITycThb IaHBI IBa MHOXECTBA IIPOU3BOJIBHOM IpUpOIbl X U Y, cOCTOsI-
L[1€ U3 IIPOU3BOJIBHBIX 2JIEMEHTOB X U ).

[_(—_)] Eciu KaxXaoMy 3JIEMEHTY X MHOXecTBa X 110 HEKOTOPOMY IIpaBUITy
f TIOCTaBlIeH B COOTBETCTBHE 3JIEMEHT Yy MHOXECTBA Y, TO TOBOPST, 4TO
Ha MHOXecTBe X ompeleieHa pyHKuus 00HOU nepemeHnHou CO 3HaYe-
HUSIMA B MHOXECTBE Y U MUIIYT: Y = f(x).

TakuM 06pa3oM, It TOro 9To6sl 3a1aTh HYHKIMIO, HEOOXOAMMO TPU
KOMITOHEHTA: IBa MHOXECTBA Y MPABWIO UX COOTBETCTBHS.

IepeMeHHas X Ha3bIBACTCS] HE3aBUCUMOM NIEPEMEHHOM, WA ap2yMeH-
mom, TIepeMeHHasl Y — 3aBUCHMOIA TIePEMEHHOM, WU QyHKYuel.

MHOXecTBO X Ha3bIBaeTCsl 061acmblo onpedeneHus QYyHKyuu, a MHO-
XecTBO Y — o6nacmwio ee 3nauenuii. B nampHeiieM 061acTh ONpeIeIeHHs
dyHKMK GyneM 0603HadaTh D(f), a MHOXeCTBO 3Ha4eHUI — E(f).

Ecim MHOXecTBO X CIELMaIbHO HE OrOBOPEHO, TO IOJ 00JIaCTbIO
onpeneneHus (GyHKIMM TOHUMAETCsE 00JaCTh NOMYCTUMBIX 3HAYSHUI
apryMeHTa X, T. €. MHOXECTBO TaKHMX 3HAYCHMIA X, IPH KOTOPbIX HYHKLHS
y =f(x) BoOOI1Ie UMEET CMBICII.

m Jlnst 0603HaYeHns PYHKIMU He 00513aTEIbHO MCIONb30BaTh OYKBBI
¥ ¥ x (HampuMep, KaXIoMy 3Ha4eHHIO paaMyca mapa R COOTBETCTBYET

4
OIHO 3Ha4YeHUe oObeMa 1apa: V=-§1tR3, T.€. 00BEM IIapa SBISIETCSA

(byHKuMei paguyca mapa. O61acThio onpeneneHus 3Toi GYHKIMHA sSIBIIsI-
ercst MEOXecTBO D(V) = [0; +00), TaK KaK paguyc Liapa He MOXeET ObITh
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OTPULIATEIBHEIM; MHOXECTBOM 3HaueHuit — E(V) = [0; +o), Tak Kak
00BEM IIapa HE MOXET OBITh OTPHUIIATEHHEIM).

@ Yacmuoim snauenuem bysxin y = f(x) Ipu x = X, TIe X, € X,
Ha3BIBa€TCSA TO 3HAYEHHUE );, KOTOPOE COOTBETCTBYET 3aJlaHHOMY 3Haue-
HMIO X, (0O03HayaeTcs gepes f(x,)).

@ HMana byaxims y =24 — x + —3—— Haiitu ee o6nacts onpeneneHns
, Jx+2

Y YaCTHBIC 3HaYeHUS ITpu x = 0 1 x = 2.

Pewenue. 1) [lannas pyHKIMS ONpeaeNeHa [Ulsl TeX 3HaYEHUH X, TIpH
KOTODBIX 00a cTlaraeMbIX UMEIOT AEHCTBUTENbHEIE 3HaueHus1. [1oaTOMYy ee
06JIaCThIO OIPENIENIEHNS SIBIISIETCS TIePECEYEHUE IBYX MHOXECTB, TPE-
CTaBIIIOIUX O0JIACTH OTIPENETeHUsI KaXIOoro ClIaraeMoro, T.e€.

4-x2>0,

D) =>xe(-2,4];

x+2>0

S e A P 1 -
2) £(0)=24 0+Jm 22+J§ 4+1,5-2;

Y . - -
f(2)=2V4 2+J§T2‘ 2J§+2 22+1,5.

17.5. Cnoco6bl 3agaHua GyHKUUM
OQHON NepemMeHHOM

CylecTByeT HECKOJIBKO CIIOCO60B 3anaHus YHKLIAN:

® aHarumu4ecKuii — B 3TOM CIIoco0e PyHKIMOHAIbHAsI 3aBUCMOCTh
MeXNy MEPeMEHHBIMM X U y BhIpaxaeTcsl popMysoit, KoTropasi yKa3bl-
BAaCT COBOKYITHOCTh TEX MATEMaTUUYECKUX OIEepaliii, KOTOPhIE JOJDKHBI
OBITh BBHITIOJHEHBI, YTOOBI IO 3aJaHHOMY 3HAYE€HMIO apIyYMEHTa HAWTH
COOTBETCTBYIOIIEE 3HAaUeHUE YHKIMHU. [Ipy aHAJIMTUYECKOM 3afaHuU
GyHKIMY OGBIYHO HE YKa3bIBaeTCsl 00JIacTh ONpeneeHus (HanpuMep,
y=x%8=vl).

DYHKINIO HE CIEyeT OTOXAECTBIATE ¢ (DOPMYIIOi, C TIOMOIIBIO KO-
TOpo# oHa 3anaHa. Hanpumep, dyHkumu y = x%; x € (—o; +o) 0 y = x2;
x € [1; 3], BeIpaxXeHHbIE OTHOI U TOM Xe HOpMyYIIOi y = x2, pa3IMIHbI,
TaK KaK MMEIOT pa3Hble 00JIACTH ONPENEICHMS.

C npyroit CTOpOHBI, OJHAa ¥ Ta X€ (PYHKLHS MOXET OBITh 3amaHa
Pa3HbBIMU (hOpMyTaMM Ha Pa3IMYHBIX YYacCTKaX 06JIACTH ONpeNcIcHMS.

2 A
PaccMoTpuM, HanpumMep, GyHKIMIO y = 3nech nBe hopmy-
x+2, x>0.
JIbl 33/1a10T ONHY (DYHKIIMIO, OTIPEIEIEHHYIO Ha BCEI YMCIIOBOM MPSIMOIA:
npu x < 0 3HaYeHH 3TOH (PYHKUUU ONpENeNsIoTCs 1Mo NepBoit popmyre,
a 1pu x > 0 — 10 BTOpOIi.
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AHaTUTUYECKHI cIOcO0 3a1aHus YI00eH TeM, YTO 3HaYeHUST (DyHKIIUKI
MOXXHO BBIYMCJIUTH IIPY JIIOOBIX 3HAYEHUSIX apTyMEHTA, B3SITHIX U3 00Ja-
CTH OIIpeNeNIeHUs. DTOT COCO0 SIBJISIETCS OCHOBHBIM B MaT€eMaTU4YECKOM
aHaJIM3e, OJHAKO OH YacTO OKa3bIBAaeTCS HEyMOOHBIM IS pacyeToB, TaK
KaK COIPSDKEH C HEOOXOMMMOCTBIO BBHIIOIHEHMS B KaXIOM OTIEIbHOM
CJIy4ae MHOTOYHMCIIEHHBIX, YACTO TPYIOEMKHUX BBHIYMCIICHUIA; :

e mabauunbLii — ITAPOKO TIPUMEHsIETCS Ha NpakTuke. [Ipu 3ToM
cniocobe OIpenensioTcs 3HaYeHUs (PYHKIMU I OOJIBIIOTO YMCia BbI-
OpaHHBIX 3HAYEHMI apTyMEHTA U COCTaBJISIIOTCS TaOJIMIIBI 9TUX 3HAYCHUI
(HampuMmep, TPUTOHOMETpUYECKHeE, Jorapudmudeckue u ap.). Korna xe
OIBITHBIM IIYyTEM OIMCHIBaeTCsl (PyHKIIMOHAIbHASI 3aBUCUMOCTb MEXIY
IepEMEHHBIMA BEIMIMHAMMU, TO COCTABJISIIOTCST TAOJIMUIIBI BEJIMIUH — apry-
MEHTa ¥ (QYHKIIMH, IPUIEM B 3TOM CIIyyae 3HaYeHUs (DYHKIIMU SBIISTIOTCS
TNPUOTKEHHBIMU.

@ PaccMoTpyM B3aMMOCBSI3b MEXIY LIEHOW HEKOTOPOTO IPOLYKTa p
M BEJIMYMHOM CIIpOCa Ha 3TOT IMPOAYKT d, KOTOpasi MOXET OBITh Mpen-
craBjieHa Tabnunei (tabm. 17.1).

Tab6auma 17.1

Frciitiog o S v 0 R 9 R

Kak BMIHO M3 TaGIMIIBI, CIIPOC YOBIBaeT ¢ BO3pacTaHUEM 1IEHHBI;

e 2pachuyeckuil — TIPA ITOM CITOCOOE 3aBUCUMOCTh 3HAYeHUS (PyHK-
LIMM OT apryMeHTa 3amaeTcs rpadukom. B cpenHeit mkone o6b9HO pac-
CMAaTPUBAIOT TOJIBKO YUCIOBBIE (DYHKIIMM, 00JIaCTh ONpENEIeHUsI KOTO-
PBIX COCTOMT M3 NEMCTBUTEIBHBIX YUCENI M 3HAYEHUSI KOTOPBIX SBIISIIOTCS
IEeNCTBUTENBHBIMYU YrciaMu. IpadmkoM Takoi (YyHKLUHU f Ha3bIBaCTCS
MHOXECTBO To4eK P = (X; ) YMCIOBO# IUIOCKOCTH, KOOPAMHATHI KOTO-
PHIX X ¥ y YIOBJIETBOPSIIOT PABEHCTBY y = f(X).

ITpuMepoM rpachrIecKoit 3aBUCIMOCTH MOXET CITY>KUTh TaKXKe MEIV-
IIMHCKAsT 3JIEKTPOKAPAMOrpaMMa;

® C106ecHblil — B ITOM ciydae (DyHKLMsI ONMUCHIBAETCS NPAaBUIIOM €€
cocraBieHusa. B KagecTBe mmpuMepa paccMOoTpuM GyHKIMIo Jdupuxie:

1, ecnmm x paLMOHAIBHO;
f(x)=

0, ecm X MPPAIMOHATBHO.

17.6. Knaccudukauma GyHKUMNA OQHOM NepemMeHHOU

B 3aBHCMMOCTH OT XapakTepa AeHCTBUIl, KOTOPBIE HAI0 ITPOU3BOAUTH
HaJl 3HaYeHHWEM apryMeHTa, YTOOBI ITOJIyYUTh COOTBETCTBYIOIIEE 3HAUCHE
GyHKIIMM, YCTAHABIMBAETCS Clenylomas Kiaccudukaumst QyHKInii:
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® yenvle pauUOHANbHBIE PYHKUUU, VT MHO204A€CHbL, — TaKe DYHK-
IIMU OT apr'yMEHTa X, B KOTOPBIX HaJl 3HAaYeHUEM apryMEHTa X U HEKOTO-
PBIMU NIOCTOSIHHBIMU BBITIONHSIIOTCS] OTIEPAIIUU: CJIOXKECHUSI, BEIYUTAHMUS,
YMHOXEHWS, NeJICHUsI, BO3BEIECHUS B 1IEIYIO U MOJIOXUTEIBHYIO CTETICHb
(¥ IPUTOM KOHEYHOE YMCIIO pas).

OOmuii BUJ LIENON palMoOHAIbHOM (QYHKIMKM (MHOTOWIeHa n-# cTe-
TIEHN):

Py=apxc" + ax® v ax™? + .+ a,_ x+a,,

IIe 1 — IIEJI0€ MOJIOKMTENBHOE WIW PaBHOE HYJIIO YHCIIO; dy, A1, Ay, ...,
a,_;, a, — K03(pOUIHEHTH (TIOCTOSHHBIE YHCIIA).

YacrHele cnydan: IpsiMasi IPOIIOPIMOHAIBHAS 3aBUCHIMOCTD Y = kx;
JMHEWHAas: 3aBUCUMOCTD y = kX + b; KBagpaTudHas 3aBUCUMOCTb ) =
=ax? + bx + c;

* dpobro-payuonanvnsie Pynxyuu — bysxiyy R(x), peacTaBUMbIE
B BUJI€ YAaCTHOTO OT IIEJICHUS ABYX IIEJIBIX PAIlMOHAIBHBIX (DYHKIIVIA:

R(x) = ayx"+a,x"! +...+a, x+a, .
byx™ +bx™ ' +...+b,, x+b,
mmenelZ,melZ; ay, ay, a,, ..., a,,, a,; by, by, b,, ..., b,,_y, b,y — KOID-
GUIMEHTHI (TIOCTOSTHHBIE YUCIIa);

® payuonanvuvie hynKuuu — COBOKYIIHOCTD LIEJIBIX PALMOHAIBHBIX
U Ipo6HO-paloHATbHEIX GyHKImiA. Hanpumep, dyHKIust y = 3x° — 2x2 +
+ 2x — 3 ABAeTCA e pPaMOHAILHOM (PYyHKIMEH, M MHOTOYIEHOM

3x3-2x2+2x-3

3-ii cTeneHu OTHOCUTENBHO X; DyHKIUA Y = 5 SIBIISIETCSI
5x*+2x-—3

IPOOHO-PaLlMOHATBHOM (DYHKIIUEH. &
YacrHble caydau: oGpaTHas IpONOPLMOHAIbHAS 3aBUCUMOCTD y = —;
X
IpOOHO-IMHEWHAA QYHKINA Y = M;
cx+d
® uppauyuonaivbrHvie pynxKuyuu — GYHKIUM, Ha APTYMEHTOM X
KOTOPBIX KPOME IIEPEYUCICHHBIX PaHee MEPBBIX IISTH aJIre0pandecKux
OITepaInii MPOMU3BOAUTCS €IIe OTepalys U3BJICYECHHUS KOPHS KOHEYHOE
YHUCJIO pa3 U pe3yJIbTaT He SIBJISIETCS palMoHaIbHOM dyHKImein. Hampu-

D235 )

= =72 4 (x —1)? aBnasgeTca MppPaLHOHATBHOM

Mep, GyHKuMS y =
GbyHK1MEH;

* arzebpauteckue QynKyuu — COBOKYIHOCTD PAllMOHATIBHBIX M UP-
PalMOHAIBHBIX (DYHKIIMIL;

® mpancuendenmnole ynKuyuu — Bckasi Heanreopadeckas QyHK-
1us. [IpocTeAmMMY TPaHCHEHAEHTHBIMU GYHKLIMSIMHY SBJISIOTCS:

1) nokasarenpHas ¢yHkums y = a* (a > 0, a # 1); y = € (3kcno-
HEHTA);

2) norapudmudeckas dyakims y = log,x (@ >0, a # 1); y = Inx (Ha-
TypaJIbHBINA Jorapudm);

178




image35.jpeg
3) TpuroHoMeTprUiIeCcKHe MYHKIIMU: ¥ = Sinx, ¥y = COsX, y = tgx, y =
= ctgx;

4) oGpaTHBIE TPUTOHOMETPIUYECKIEe QYHKIIMM: Y = arcsinx, y = arccosx,
y = arctgx, y = arcctgx.

17.7. CBoicTBa PYHKLUH

Yernocts pynxuuu. [IpuBenem onpeneneHue.

|_6_| DyHKIY Y = f(X) Ha3BIBACTCS ¥emHO, ECIIU IS TOObIX 3HAYEHUH X
u3 ee ob1acTy onpenesieHus f(—x) = f(x), u newemmnou, ecnu f(—x) = —f(x).
B nporuBHOM cirydae dyHKIMs y = f(x) Ha3biBaeTcsa GyHKIMeE ob1ero
BHIIA.

Hanpumep, dyHKIus y = x* ssBnsieTcst 4eTHOM, TaK Kak f(—x) = (—x)* =
= x* = f(x); dyHKIMA y = x> — He4eTHOM, TaK Kak f(-x) = (—x)> = —x3 =
= —f(x); pyskumsa y = x2 + x> — dysKuuei o6uiero Buaa, Tak Kak f(—x) =
= (-x)? + (=x)? = x2 = x3. Bmech f(x) £ f(-x) # —f(x).

Ipagpux wemnoui ynxkyuu cummempuyer OmMHOCUMENbHO OCU Op-
Junam, Hatipumep y = x2 (puc. 17.7, a). Ipagukx newemnoii pyuxyuu
cuMMmempu4en OMmHOCUMENbHO Ha4ana KoopouHam, HapuMep y = x>
(puc. 17.7, 6).

@ YCTaHOBUTh YETHOCTh WM HEYETHOCTHh yHKImMM f(x) = 3x? — 2x.
Pewenue. 1) 3ameHuB x Ha (—x), monyuuM: f(-x) = 3(-x)? - 2(-x) =
=3x2 + 2x, T.e. f(—x) # f(x) u f(-x) # —f(x), clIenoBaTeILHO, JaHHAS
(byHKIMS HE ABIIIETCS HA YeTHOM, HY HEYETHOIM, T.€. 3T0 (pyHKIIMS o01e-
ro BHIA.

Puc. 17.7
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