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· Практическая работа №56 по теме: «Геометрические преобразования графиков функций».
· Практическая работа №57 по теме: «Определение функций. Построение и чтение графиков функций».
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Построение графиков функций.
Преобразования графиков.
Решить упр. № 40; 42
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01.04.2020 среда
Практическая работа №56 по теме: «Геометрические преобразования графиков функций».
- оформить в рабочей тетради упражнения с решениями.
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Практическая работа №57 по теме: «Определение функций. Построение и чтение графиков функций».
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03.04.2020 пятница
Монотонность, чётность, нечётность, ограниченность, периодичность.
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Свойства функций (конспект, выполнить задания с готовыми решениями).
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§ 1. NOHATHE ®YHKLLHH
CNPABOYHbIA MATEPHAJI

1. 3aBHCHMOCTH OAHO! MepeMeHHOH OT APYroi Ha3bIBalOTCH PYyHK-
L{HOHAJIbHBIMH 3aBHCHMOCTSIMH.

2. 3aBHCHMOCTb TepeMEHHOH Y OT nepeMeHHOH x Ha3biBaeTcsl QyHK-
[{eH, ecaM KaXK[IOMy 3HA4yeHHI0 X COOTBETCTBYET eJHHCTBEHHOE
sHaueHnue y. Ilpu 3TOM HCHoOJB3YIOT 3amuch y=F (x).

3. IlepemeHHYyI0 x Ha3bIBAIOT HE3aBUCHMOH NepeMeHHOH HJIH apry-
MEHTOM, a IIepeMeHHYI0 y — 3aBHCHMOH nepeMeHHOH. ['oBopAT, uTO
Yy sBasieTcs (pyHKUHEH OT X.

4, 3HaueHHe Yy, COOTBETCTByIOllee 3afaHHOMY 3HAYEHHIO X,
Ha3bIBaIOT 3HaueHHeM (YHKLHH.

5. Bce 3HaueHHs1, KOTOpble IPHHHMAET He3aBHCHMas MepeMeHHas,
o6pa3yiotT o6sacTb onpejaeseHHsi (yHKLUHH; BCe 3HA4yeHHs, KOTOpbie
NpPHHHUMaeT 3aBHCHMasi nepeMeHHasi, 06pa3ylOT MHOXECTBO 3Haue-
HHH (YHKIHH.

6. Oas ¢yskuuu f npuHstel o6o3Havenus: D (f) — obaacte on-
penenennsi  pyHkuuH, E (f) — MHOXKecTBO  3HaueHHH (PyHKLHH,
f (x0) — 3HaueHHe (DYHKLHH B TOUKE Xo.

7. Ecin D (f)cR u E (f) R, 10 OYHKUHIO Ha3bIBAIOT YHC/IOBOH.

8. DnemenTbl MHOXkecTBa D (f) Tak>Ke Ha3bIBalOT 3HAYEHHSIMHU ap-
ryMeH1a, a COOTBETCTByiOLIHe HM 3jeMeHTbl E (f) — 3HaueHHSAMH
(G YHKLHH. i

9. Ecin ¢yukuus 3agaHa ¢opmysoi M o6sacTe onpeneseHHs
$YHKLUHMHK He yKa3aHa, TO CYHTAIOT, 4TO 06J1acTb ONpe/e/eHHs COCTOHT
M3 BCeX 3HAUYeHHH He3aBHCHMOM NepemeHHOH, MPH KOTOPHIX 3Ta (op-
MyJla HMeeT CMbICII.

Hanpumep, o6nactb onpefeaenuss GpyHKUHH, 3aAaHHOR HopMyI0i

y=-x_i—3-, COCTOHMT H3 BCeX 4YHCeJ, KpoMe 4HHCJa —3.

10. T'paduxom dyHKLHH HAa3bIBAETCS] MHOXKECTBO BCeX TOUeK, abc-
LMCChl KOTOPbIX paBHbl 3HaueHHSM aprymMeHTa, a OpAHHaTbl — COOT-
BETCTBYIOLIMM 3HAUeHHAM (YHKIIHH.
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JHUAAKTHYECKHA MATEPHAJ
1. Hamime obJsacTb onpeuenemm q)yHKuun 3aJaHHOM cboplvxy.noﬁ:'
A.l)y—- 1. )y—?’&y' ; 4) y=6.
1

. AT l . S X .
b. 1) I=Sn Ty 2) dpaay oy L T

4) y=— e —
IR
B. 1) y=+% 2) y=V=x 3) y= W 4>J~Vf¢§.

. 2. ®opmyna y= —5x-+ 6 3anaer HekoTopylo dyHkuHio. Haiiaure
3HaueHHe QYHKIHH, COOTBETCTBYIOLIEe 3HAYEHHIO apryMeHTa, paBHOMY
—1,2; 2,8. Ilpn Kakom 3HaUYE€HHH apryMeHTa 3HauyeHHe GYHKLHH paB-
HO 6 8; 100?

OTBeTbl 1. A. 1) Bce uncna, xpome uncna 1; 4) Bce uucna.
B. 2) Bce uncaa, xpome O 1 1. B. 1) Bce neorpuuaresnbHble yncina,

2) x<<0; 3) x=%£0; 4) Bce uucaa. 2, 12, —8; 0; —0,4; —188.

§ 2. CNOCOBbI 3ALAHHA ®YHKUHH '

b

CMPABOYHbIA MATEPHAJI

1. dyHKuUs MOXKET GLITh 3aJaHa aHAJHTHYECKH B BHAE (HOPMYJIbI
y=F(x), rie nepeMeHHas X — 5JIeMEHT MHOXeCTBAa 3HaueHHH ap-
TyMeHTa, a MepeMeHHas y — COOTBETCTBylOllee 3HaueHHe yHKUHH.

Hanpuwmep, dopmyna y=x* OnpejiesisieT HEKOTopyio $yHKUHIO,
r/ie KaX/0My 3HaUeHHIO epeMeHHOH x, B3ATOMY H3 06J1aCTH onpejeJe-
HHSA g)ym(uuu, COOTBETCTBYET €IHHCTBEHHOE 3Ha4yeHHe MepeMeHHOH
y=x°.

2. OyHkuus [ MoNHOCTBIO ompejensieTcsi 3aJlaHHeM MHOXKecTBa
nap (x; f (x)), rae x npusuMaer Bce 3Hauenuss u3 D (f), a f(x) —
COOTBETCTBYIOIHE 3HAYeHHA (YHKIHH.

3. dyukuus moxer GbiThb 3agaHa rpaduueccku. 'padukom yHK-
uuH y={ (x) Ha3biBaeTcss H306paKeHHe Ha KOOPAHHATHOH MIOCKOCTH
MHoXxecTBa nap {(x; y)ly=f (x), rne x€D ()}.

4. 3aMeTHM, OJHAKO, YTO He BCAKOE MHOXKECTBO TOYEeK KOOPAHHAT-
HOH TJIOCKOCTH siBJIsieTcsl rpadHKoM HeKoTopoH ¢yHkuud. Hanpumep,
Ha KPUBOH, H306paXKeHHOH HA PHCYHKe 7, 3Ha4YeHHIO X = Xo COOTBETCT-
BYIOT TPH 3Ha4yeHHsl y (41, Y2 H ys), H, CJeNOBaTeJbHO, TaKoe
COOTBETCTBHE He siB/sieTcss (yHKIHEH.

5. Jlns Toro 4roGbl MHOXKECTBO TOYEK KOOPAHHATHOH MJIOCKOCTH
ABJISWIOCH rpapHKOM HEKOTOPOH QYHKLHH, HEO6GXOAHMO H LOCTATOUYHO,
uto6nl JMI06as npsiMasl, napasuenbHas ocH Oy, nepecekanach ¢ yKa-
3aHHBIM rpagMkom He 6GoJiee yeM B ONHOH TOUKe.
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§ 3. MOHOTOHHOCTb ®YHKLLHH

CNPABOYHBIA MATEPHAJI

1. ®ynkuus f (x) Ha3biBaeTcs Bo3pacTaiolleil Ha JAAHHOM 4YHCJO-
BOM NnpomexyTke X, ecsii GoJibllieMy 3HAaYeHHIO aprymeHnrta x€ X coor-
BeTCTByeT Gosbluee 3HaueHHe GyHKUHH f (x), T. e. 119 JI06bIX X| H X2 H3
npoMexytka X, TaKux, UTO X2>>X;, BbIOJHEHO HePaBeHCTBO
[ (x2)> [ (x1).

2. ®yukuua f(x) Ha3biBaeTcsi yObiBalOleH Ha JNaHHOM YHCJIOBOM
npoMexyTtke X, ecau GoJblleMy 3HaueHHIO aprymeHta x€X coor-
‘BETCTBY®T MeHbllee 3HaueHHe QYHKUHH [ (x), T. e. Qs JI06BIX X H X2
M3 npoMexyTka X, TaKuxX, YTO X2>>X|, BbINOJHEHO HEpPaBEHCTBO
f (x2) <[ (x1).

3. ®ynkKiHA, TONLKO Bo3pacTaioulas WIH TONBKO y6biBaloulasi Ha
JlaHHOM UHMCJIOBOM TNPOMEXKYTKe, Ha3blBaeTcsi MOHOTOHHOH Ha 3TOM
NPCMEXyTKe.

4. O MOHOTOHHOCTH (YHKUHH MOXHO CyIHTb IO ee TrpadHky.
Hanpumep, dynkuus, rpacdHk KoTopoi H306pax<eH Ha pHCYHKe 8, BO3-
pacTtaer npH Bcex 3HaueHusx x. PyHKuUHA, rpaduK KOTOPOil H306paKeH
Ha pHCyHKe 9, yOnIiBaeT Ha npomexyTke (— oo; 0] u Bo3pacraer Ha
npomexytke [0; + oo).

YNPAXHEHHA C PELLEHHAMH

Jloka3aTtb, uTo QyuKuusa, 3apannas dopmyaoi f(x)=3x? rae
x>0, Bo3pacTaiciias.
Peumeunne Tlyeth xo>x, T©ae  Xxo=>0- n x>0, Toraa

f (v —f (x1)=2=3x3—3xT =3 (k3 — x}) = 3 (x2a— x1) (x2+ %) =>0.
Hrak, n3 nepapenctsa x> x, >0 cleayer HCpaBeHCTBO [ (x2) >
=] (x)), T. ¢. 60JbllIeMy 3HAUCHHIO apryMeHTa x € D (f) cooTseTcTByeT

Goabiuee 3nauciue dyukunu. CaepoBatenvho, ¢yukuus f(x) Bo3-
pactaoutas Ha npomexkyrtke (0; o).

82




image5.jpeg
JUIOAKTHYECKHA MATEPHAJ

Ilokaxute, 4To GyHKuus, 3anannas dopmymoit y=23x7 rie x <0,
yObiBatouias.

§ 4. YETHBIE U HEYETHbBIE ®YHKUHH
CMPABOYHBIA MATEPHAJI

1. ®ynkuua y=7[(x) Ha3plBaeTcsl YeTHOH, ecin OHa obsanaer
c/Ie/lylOUHMH JABYMsl CBOHCTBAMH: ;

1) oGnactb onpejeneHusi 3TOH (yHKUHH CHMMETPHYHA OTHOCH-
TesibHO TOuKH O (T. €. ecsiM TOYKA a NMPHHAJJIEKHT obJacTH onpese-
JIeHHsl, TO TOYKA — @ TAaKXKe MPHHAJIEKHT 00JACTH ONpeieseHHs);

2) aas no60ro 3HaueHHst x, MpHHAJEXkKalero 06J1acTu onpese-
JleHHsl 3TOH (DYHKUHH, BBINONHSETCS paBeHcTBO [ (x)==f (—x).

2. ®ynkuus y= [ (x) Ha3bIBaeTCA HEUETHOH, eCJIH: y

1) o6aactb ompeaejenHst 3Toi (YHKUHH CHMMETpPHYHA OTHOCH-
TeJbHO TOukH O; :

2) nas n060ro 3HaueHHst X, NMpHHaAIexaulero o6JiacTH omnpe-
feJieHHsi 3Toi (DYHKLHH, BHIIONHSIETCS paBeHCTBO f(—x)= —[ (x).

3. Tpaduk uerHoi dyHKuun y=x" usobpaxcen Ha pucyuke 10.

4. I'paduk HeueTHOH (PyHKUHH y=x> uaobpaked Ha pucyHke 1.

5. 3aMeTHM, UTO He BCsikasi QYHKUHMS SIBISIeTCA UYETHOH HJIM He-
uetHoit. Hanpumep, Kaxkpasi u3 GyHkuuid y=12x-+1, y=x'+x,
y=(x+3)* He ABJSIETCS HU UETHOH, HH HEUETHON. / -

A YA
1} 1
|
- ,
Puc. 10 : Puc. 11
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YNPAXKHEHHS! C PELUEHHSAMH

1. loka3ats, uto ¢yHKuusi y=3x-+ 1 He ABASETCH HH YETHOH,
HH HEYeTHOH. )

HNokasatenbcTso. O6/acTbio ONpeneNeHHsl AaHHON DYHK-
UHH y=3x - | ABAAETCA BCA KOOPAHHATHAS NpsiMasi, T. €. yc/ioBHe 1
B ONpe/ie/IeHHH YeTHOH H HeueTHOH QYHKLHH BHo/HeHO. UTo6H aoKa-
3aTb, uTO QyHKUHs1 y=3x- | He AB/ISIETCA UETHOH, Mbl JOJIXKHH J10-
Ka3sarb, UTO yCJ/0BHE 2 B onpe/e/eHHH YeTHOH (QYHKUHH HE BHIIONIHEHO,
T. €. YTO CyUlecTByeT (XoTs1 Gbl ONHO) 3HayeHHe X, IJfl KOTOpOro
[ ()5~ [ (+—x). Bo3bmem x=1. Toraa f(1)=4, a f(—1)=—2, T. e.
f(1)s=f(—1). Takum oGpa3om, dynkuus f(x) He sABNAETCA YETHOM.
Ananorununo TaK Kak f (— 1)s= —f (1), To dynkuua y=3x+41 ne sB-
JISIeTCS HeYeTHOH. : !

2. BBISICHHTb YETHOCTb HJIH HEUETHOCTb (YHKLHH:

1) y=x+l—; 2) y=(x—32+(x+3)% 3) y=x>—x+3.

Pemenune. 1) [lana ¢pyukuus y=x+-£—, rae x=%=0. Haiinem
Y (—x):

y(=0=(=0+ts=—x—L=—(x4+1).

[Moayuunu, uro f(—x)= —f(x), crenosarennHo, y= x+% —

($YHKUHA HeueTHas.

2) Hana ¢yukuna y=(x—3)°+(x+3)%>, D (y)=R. Tlepemennm
3HAK y apryMeHTa (yHKUHH H YAPOCTHM:

Y (=0 =(—x—3P +(—x+3P=(—(x+3)P4(—(r—IF=

=(—1) (x+3f +(— 1) (¢« — 3P =(x— 3 + (x +3)".

IMonyunan, uro f(—x)=f(x). Cnenosartenbho, y=(x—3)7+
+ (x4 3)> — dynxuus yernas.

3) Hauna ¢ynkuua y=x>—x+3, D (y)=R. Tlepemennm 3HaK
Y aprymMeHTta AaHHOH (YHKUHH H YIDOCTHM:

Y(—x)=(—x—(—x)+3=x’4x+3.
CnenoBate/nibHO, GyHKUHA y=x’— x4 3 He ABJAACTCH HH YETHOR,
HH HEYETHOH, NOCKOJIbKY, HanpuMep, Y (— )=y () ny (— )%= —y (1)
AHIOAKTHYECKHRA MATEPHAN

YCTaHOBHTE YETHOCTb HAH HEYETHOCTb (YHKILHH:

1) y=x4 2) y=x% 3) y=—2x% 4) y=x'42°
1) y=xlxl; 2) y=(x—3P—(x+3)%; 3) y=9—2%;
4) y=0,5¢°—5x2

L e
D y=sts 2 y=571:3) =% ) y=325;

o >
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§ 2 ----- » } {7 ',‘,‘,?_: ’ N
OcnoBHBIE cBolicTBa GyHKIMIA

3. DyHKUMM 1 nux rpacdukn
1. Ymcnosas dpyuxmusa. C monaTHeM QyHKIAY BB I03HA-

KOMHJIUCH B Kypce anre6psi. [Ipu naydyeHnu Ha4aj aHaAu3a yH06-
HO NPHUHSATEH CJIeAyIOlee OmpejeseHHe:

PR CETT - -
% 1P € YQucnoeou @YyHKyueu ¢ 00-
| macTei0 omnpeneinenus D Ha3bIBaeTCd COOTBETCTBHE,
| IPH KOTOPOM KaKJA0My YHCIy X M3 MHOXecTBa D
| COIMOCTABIAETCS 110 HEKOTOPOMY HpAaBHJAy YHCIO Y,

3aBUcHALIee OT X.

@ysKnuu 06bIYHO 0003HAYANOT JATHHCKMMHU (2 MHOTAA rpe-
gyeckumu) 6ykBaMu. PaccMOTPHM NMpou3BoabHYIO QyHKnmIO f. He-
3ABMCHMYIO IIeDEMEHHYI0 X Ha3bIBAIOT TAKIKEe AP2yMeHmoM QyHK-
yuu. Yucno y, COOTBETCTBYOLlee YUCHY X, HA3bIBAIOT 3HAYEHUEM
@ynrxyuu f B Touke x u obozHavawT f(x). O6nacTh onpeneeHUs
byuxkuun f o603HAYAIOT D (f). MHoxecTBO, cOCTOdAIlee M3 BCEX
gyucen f(x), TAKHX, YTO X IPHUHANIEKUT o06sacTH OllpejesIeHu s
GyHKuuu f, HA3BIBAKOT 06/4CMbI0 3HAYEHUL PYHKYUU f u o6o3Ha-
qaior E (f).

Yame Bcero GyHKIHIO 3ajal0T C OMOLIbI0 KaKOii-11H60 dop-
Myabl. IIpu 3TOM eciid He JaHO JONOJHHTENbHBIX OrpaHMYEeHHUH,
TO 06nacThI0 ONpEeAeSeHUs PYHKIMH, 3aJaHHOH (POopMYyJIOH, CYH-
TAOT MHOMECTBO BCeX 3HAYEHHMH MepeMeHHOM, Npu KOTOPHIX 3Ta

1
bopmyna mmeer cmeica, Hanpumep, popmyia f(x)=-; umeer

21 Tpuronomerpuyeckue (OyHKIMA
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cMbica Ipu Becex x =0, moaTomy oGnacteio ompene’lCmps byHK-
1
nuu f(X)=- CYUTAIOT MHOXECTBO BCEX He PaBHBIX HY o Jgewcr-

BUTeJbHBIX 4uces. O0JacTh ee 3HAYEHHY cosnazael ¢ ofmacTnio
ompezesieHUA U ABJsAETCA o0beuHenneM untepBaoB ( o0; 0) m
(0; o0).
P Boobuie o0zedunernuem muoxncecme A u B HasyBuercs MHO-
KeCTBO, COCTOSIINEe M3 BCEX DJIEMEHTOB, KOTOPhle APWmammemar
xoTs GBI OZHOMY U3 MHOXeCTB A miu B. Q6beanHer 8 NuoxecTs
A u B o6osHauaercs rak: A J B. Hampumep, o6beu¥Ruem oTpes-
koB [0; 2] u [1; 3| aBasercsa orpesok [0; 3.

CumsosioM |J ygo6HO mosab3oBaThes giaf 06038\ enus ume-
JIOBBIX MHOJKECTB, KOTOPbI€ MOYKHO IIDEJCTaBUTh B BU e obbepn-

HEHUs] YHCJIOBBIX NPOMeXYTKOB. T'ak, ana GyHxmyH f(x)=%
D(Nh=E(H)=(—o2; 0)y(0; o).
O6nacTe omnpefeneHuss QyHKnum y=—tgx — 06'bemmenue
BCeX MHTEPBAJIOB BHJA (~%+nn; %-th), rae n€f; o6nacts ee

3HAveHMH — BCA umcioBasd mpamawm, T. e. E(tg)~(— co; o).

Pyukuuu Buga f(x)=p (x), wge p (x) — MHOr"%iren, HashI-
BAIOT YENbLMU DPAUUOHALbHGLMU (ynkyusmu, 8 bYHFkyun suga
f (JC)=M » TAe p(¥) u g (x) — MHIOTOWIeHH, HA3KBRIor ApobHO-

q (x)
payuonanvublmu QyHkyuamu. YacTHoe . (x: onpezaeneflo, eciu q (x)

He ofpamaeTca B Hysab. [Toaromy o)6nacts onpemenfHyg IPOGHO-

7 p(x})
panuoHaNbHOM QyHKIMHU [ (x)= TR
TEJILHBIX YMCEJI, U3 KOTOPOr0 MCKJIIO'4eHBI KOPHH MHOfO“Uena g (x).

— MHOXeCTBO $C8&x nejicTBu-

[ Ipuwmep 1. Haiigem o6racTe onpegeseHus IPO8SHo-pamuo-
HaJIbHOM (QYHKIUH - : e
_ Tx" —b5x° - 83x® — 4x
Plryes x® — Bx? + 2x
Kopuu MuOrouwsena x°— 3x*+4-2x — yucna 0, } R 2. ITosro-
my D (f)=(—oc0; 0)U(0; DU(; 2))U(2; o). '

2. I'padux dpysxuun. I'papurcom pynrxyuu f BI3Psator MHO-
¥eCTBO BCeX TOYEK (X; y) KOOPAUHATTHOM I1JI0CKOCTH, TRe y =1 (x),
a x «mpoGeraeT» BCIO 0671acTh OmpoejeseHus QyHKMY s

ITogMHOKECTBO KOOPAMHATHOWA IIOCKOCTH SABJACrcg rpau-
KOM KaKO#-JM00 QYyHKIMH, €C/IM OEHO MMeeT He 60J€€ oHO#K 006-
mei To4KM C JII060# NpAMOM, NapaliielbHol OCH Of- I—Ianpnmep,
MHO€CTBO, M300paskeHHOe Ha pHCyyHKe 15, He ABiACvcs rpadu-
KOM (pyHKIUH, TAK KaK OHO COJEPXKKMT ABe TOYKM ¢ Omoit m TOH
sKe abCIUCCON @, HO Pa3HBLIMHM OPAMHHATA MM b, u b, Eonu 661 Mot
COUJIM 9TO MHOXECTBO rpaduKoM QyyHKIuM, TO NpuIQcy G cun-
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by o y=1(x)
Yo
by
3 =t
0 a x 0 Xo .
Puc. 15 Puc. 16

TaTh, YTO 3Ta (PYHKUIMS MMeeT IPU X =a cpasy JBa 3HAUYeHHS b,
U b,, YTO TNPOTHBODPEYUT OUPEAENEHUI0 DYHKIHHU.

Hacro ¢yuknuio sagaror rpadpuuecku. [Ipu stom nad 11000-
ro x, u3 006JaCTH ONpEJeNeHUsA JIeTKO HAHTH COOTBETCTBYIOLIEE
3HaueHue y,=f (x,) pyuruuu (puc. 16).

3. IlpeoGpasoBanus rpadmkos. 3anac QyHKIuii, rpadukKu
KOTOPBIX BBI yMeeTe CTPOHMTb, IIOKA HEBEIUK — 3T0 (DYHKIUM

y=kx+b, y=ax’+4bx+ec, yzg, y=sinx, y=cosx, y=tgx,

y=ctg x. [Tokaxem, 4TO, IPUMEHAS U3BECTHBIE U3 KYPCA TEOMET-
puH CBeJIeHHS 0 NPeo6pasoBaHUAX (DUIYpP, STOT COMCOK MOXKHO Cy-
IeCTBEHHO PACIIUPUTH.

1) PaccmoTpum cHavaxa napa.ieivrbviii nepeHoc Ha 6ekmop
(0; b) 6006 ocu opdunam. O6osnauas 3xech u ganee uepes (x'; y)
KOOPAMHATHI TOYKH, B KOTOPYIO IEPEXONUT IIPOMU3BOJIBHAS TOUYKA
(x; y) MIOCKOCTH NIPH JaHHOM NpeoGpas3oBaHUH, IIOJYyYUM HU3BECT-

Hble BaM (GOpMYJbI _
U= 2
( o

yY=y+b.

IIycrs f — npousBonbHas GyHKIMA ¢ 061aCTHIO ompejeJe-
HuA D (f). Beisichum, B Kakyio QUrypy mepexoiuT rpaduk sToi
GyHKIUHE 0pu gaHHOM mnepenoce. Ma ¢opmyxn (1) cpasy moxyua-
€M, YTO IPOU3BOJIbHASA TOYKA (X; f (x)) rpadMKa mepexoguT B TOY-
Ky (x; f (x)+b). 9To o3Hauaer, 4TO rpadMK f MEPEXOUT B dury-
py, cocrodmyio u3 Bcex Touek (x; f(x)+b), rae x€D (f).

ITo ompepenenuio rpaduka GyHKIUM 3Ta durypa aBiasieTcs
rpapurom GyHKnuu y = f (x)+ b. CxasaHHOe mo3BOJIAET CHOPMY-
JIMPOBATh IIPABUJIO:

Has nocrpoenus rpadura Gyuknuum f(x)-b, rae
b — mocrosiHHOE uMCIO, HAJO TEpeHeCTH rpadux f
Ha BekTop (0; b) BHOAL OcH opaMHAT.
. 11 g umep 2. Ilocrpoum rpadpuku dyHKmmit: a) y=sin x + 2;
6) y=x"—5.

23 Tpuronomerpuyeckue yHrmum
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y% y=sinx+2

Zon -

Puc. 17

a) B cooTBeTCTBHM C IPaBHJIOM
YA y=x° nepeHocuM rpad@uk GyHKIUN Y=
y=x*-5 =sin x Ha BexTop (0; 2), T. e. BBepx
mo ocu Oy Ha 2 egununs! (puc. 17).

6) ITocTpoenue ocyuiecTBJsieTCs
IIePEeHOCOM Tapabosbl y=x’ Ha Bek-
Top (0; —5), T. e. BHU3 mo ocu Oy
(puc. 18).

2) HoBeiM s Bac mpeoGpaso-
BaHUEM SABJIAETCA pacmadxcenue 6001ab
ocu Oy ¢ koagppuyuenmom k, xoropoe
3azaerca GopMysaMu

A
b (2)
{ Yy =ky.

Haa nmocrpoenus Touku M’, B
KOTOPYIO IEPEeXOAUT AaHHAA TOYKa
M npu pacTsaKeHHH, HAJ0 IOCTPOUTH

Puc. 18 Ha npamoi AM, rae A — mpoeknus

M na oce Ox (puc. 19, a), Touxy,

roMOTEeTHYHYI0 M OTHOCHUTENbHO LeHTPa A (K03(pdHUIUEeHT romo-
TeTHH paBeH KoapdunueHnTy k pacrtaxenus). Ha pucynke 19, 6
IIOKAa3aHO IIOCTPOEHHE TOYEK, B KOTODPBIE IEPeXOAAT AAaHHEBIE IIPH

i

)
pacTsKeHuAX ¢ KoahdUuuueHTaMu 38 — 2.

BrigacHuM, B Kakyio Gurypy nepexoiuTt rpadur byHKIuM
f npu pacrsskenuu. s dpopmys (2) cpasy mosydaem, 4TO IIPOMB-
BoJIbHAdA Touka (x; f (x)) rpaduka f nepexomur B Toukry (x; kf (x)).
Orcioga cregyer, uTo rpaduk f mepexoguT B PUIrypy, COCTOAILYIO
u3 Bcex Touek (x; EBf (x)), rge x€D (f). 9ra durypa asasercsa rpa-
dbuxom pyHkumm y=Ekf (x). Jlokasano ciegyiomee MpaBHIo:

Jns nmocrpoeHus: rpaduka GyHruuu y = kf (x) Ha-
Ao pacTAHyTh rpaduk dyuxumuum y=7{(x) B k pas
BIOJb OCH OPJUHAT.

. IIpume 3. IlocTpoum rpaduru HKOU# y= —2x% u
P p p pad byHKIMHA Y

1
y=ycosx.

24 Tpuronomerpuyeckue QyHKuum
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“\

M (xo; kYo)
M (x0; Yo)
B
A %
N(xy; y1)
N'(xy; kyy)e
a)
)
M(xo; Yo)
E'(xg; —2y,)
1
F(x; ya)A M(xo3 2%
1 -
T T
5 1
E(x3; y2) N'(xy; —2-y,)
F'(x35 —2y3) N(x15 1)
6)
Puc. 19 Puc. 20

ITocTpoeHue OcylIecTBASIETCS B IIEPBOM CJydae U3 rpadpuka
dyskmun y—=x* (puc. 20), a Bo BTOPOM clydyae CHaYaJa CTPOUM

rpaduK PyHKIUH Y= COS X, 3aTeM BOCIOJb3yeMCS PacCTIKEeHHEM
1
BJIOJIb OCH OPAMHAT C Ko3(pdHUIHEeHTOM 3 (puc. 21).
3ameuanue. Ecim 0<|k|<<1, To pacrsxeHue ¢ Koap-

¢dunuenTom k yacTo Ha3bIBAOT cxamuem. Hanpumep, pacrsaxe-

1
HHE C KOOQPUIHUEHTOM - HABBIBAIOT CXKATHEM B 2 paza. OrmMeTum

Takxke, uto ecau k<0, To Aas mnocrpoeHusi rpadpuxa QyHK-
nuu y=kf (x) Hago cHavana pacrsHyTh rpaduk f B |k| pas,
a 3aTeM OTPa3UTh €ro CHMMETPHYHO OTHOCHTEJHHO OCH abcmucc
(cm. puc. 20).

y‘l 1
y=cosx
-n n
g .55 .. . >
-2n _3n #id 0 L 2n x
2 B 2 y=cosx
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YA 3) ITapannenvholii neperoc 600b

”(A _[x ocu abcyucc na eexmop (a; 0) sana-
/ ~ erca GopMyIamMu
1 \
x¥=x+ta,
M M { y (3)
y=y.
| 0
X

Kaxxgasa Touka rpadpuka GyHK-
uuu f mepexofuT coryacHo ¢Gopmy-
aam (3) B Toury (x+a; f(x)). ITos-

Puc. 22 TOMY C IOMOILIbIO IIEPEeMEeHHBIX X', Y’

MOJKHO 3alucaTh, 4YTO rpaduk f me-

pexoxut B burypy @, cocrosugyio us rouex (x’; f (x' —a)), rae x’
IPUHUMAET BCce 3Ha4YeHUA Bujga x-+a (x «mpoberaer» D (f)).

W MeHHO ITpHM 3THX 3HAYEHUAX X' YUCJIO X' —a IPHUHALJEIKUT
D(f) n f(x’—a) oupepeneno. CnemoBaTenpHo, ¢purypa @ ecrs
rpadux GyHKmuu y=7f(x—a). UTak, MOXHO cJenaTb BBHIBOJ:

I'padux pyuxknuum y=7f (x —a) nonyyaercsa ua rpa-
¢ukra f nepeHocom (BZOJb Ocu abGCciucc) HA BEKTOP
(a; 0).

O6parute BHUMaHue: ecau a >0, To BekTop (a; 0) Hampas-
I€H B IOJIOKUTEJHLHOM HaIpaBJIeHUHU ocu abcmuce, a mpu a <0 —
B OTPHUIIATELHOM.

. IIpumep 4. Ilocrpoenue rpadpukoB pyarnuit y="\x+1 u

y = CcoS (x—%) MOKa3aHO Ha pUCyHKax 22 u 23.

4) Pacmacerue 80oab ocu Ox ¢ xoagpdpuyuenmom k 3agaercs
hopMmyIaMu
Witk
/ 4)
Y =Y

IIpousBosbHad ToYka rpadura GyHKIUH [ mEepexXOgUT IIPHU
rakoM pacTaXeHuu B TOUKy (Bx; f (x)). Ilepexoas Kk nmepeMeHHBIM
x’, y’, MOXXHO 3amucaTh, 4To rpadpuk y=f (x) mepexogur B dpury-

DY, COCTOSIYI0O U3 TOYEK (x’; f (%)), rae x’ IPpUHUMAET BCE 3Ha-
qeHusA Bujga x' =kx, a x€D (f).

y=cos x——

;\ /7\ ﬁ—\ .

Puc. 23

26 Tpuronomerpuyeckue GyHKIMH
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Puc. 24
9ra ¢urypa ecTh rpadur GyHKIHH y=#f (%) HUrak:

HAna mocTpoeHus rpadura GQyHKIUU y= (%) Hamxo

NOJABEPTHYTh Ipad®uK (GYHKOUU f pPACTAKEHUIO C
KoaumuesToM k Broab ocu abciumce.

@ Ipuwmep 5. ITocTpoenue rpapuros QyHKIMH y=cos 2x u

o 1L
y=sin - x mokasaHo Ha pHUCyHKax 24 u 25.

P> 4. Oro6paxenne. PYHKIHIO ¢ 06JACTHIO onpenenenuss D u
obsacTeio 3HaueHuit E Ha3BIBAIOT TaKKe 0mobpajiceHuem MHO¥ce-
cméa D na muoxecmeo E. MoxHo ckasaTh, Hanpumep, 4To (op-
Myna y=sin x 3ajaer oTo0pa)keHue MHOMKecTBa R HelicTBUTENH-
HBIX 4Hces Ha oTpe3ok [ —1; 1]. CioBa «pyHKImUA» U «0TOGpARKE-
HUE» — CHHOHUMEI.

Hepenxo paccmaTpuBaioT GQyHKIUU (oTobpakenus), 06-
JIACTH OLpeJieJIeHUs MJIU 00JacTh 3HAYEHHMH KOTODHIX (a2 BO3MOXK-
HO, ¥ 006a 3THX MHOJKEeCTBA) He SABJAIOTCA YUCIOBLIMYU MHOKECTBA-
mu. C TaKUMH NpHMEPaMH, IO CYIIECTBY, BBl YK€ BCTDEYAJUCh
B Kypce reomerpuu. Hanpumep, o61acTbio onpejeneHus QyHKIUAH
«Ilnomage MHOTOYro/bHUKA» IpU (GUKCUPOBAHHONW EQMHHUIE H3-
MepeHHs IUlOWafiei SBJISETCA MHOXECTBO MHOTOYTOJbHHUKOB
mirockoctd. O6nacTe 3HaYEHUH DTOH (DYHKIUH — MHOXKECTBO He-
OTPHULATENbHBIX dncesl (I10masb 0 UMEIOT «BLIPOXKIEHHBIE» MHO-
rOyroJbHUKH, HAIpUMeED OTPE30K).

HBuxenue (Tak e Kak ¥ npeobpasoBaHue II0L06HUs), nepe-
Bogamee purypy F B durypy F’, rakke sBisierca oTo6parkeHu-
eM, ero obJsactes onpefieeHus F u o6nacTh 3HaueHuit F/ COCTOST

U3 TOYEK.
ITonsiTne 0TOGPa’XEHUSA YACTO OTHOCAT K UHMCIY OCHOBHBIX
HOHATUN BCced MareMaTUKH. C €ro moMouipio MOXKHO JaTh TaKoe

27 Tpurowomerpuueckme dyHKIHK
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onpejeneHue QyHKIHU: GyHKIUEH ¢ obnracTeio onpegenenuda D u
obsacThio 3HadYeHHH FE Ha3bIBaeTcs oTOoOpa’keHHe MHOXKeCTBa
D na MHOXecTBO E, IpH KOTOPOM KaXXJOMY BJIEMEHTY MHOXXeCTBa
D cooTBeTCTBYeT ONUH BIIOJHE ONIPeAeJeHHbIH 3JIeMEHT MHOMXKECTBa
E u xaXkJabli 5JIeMeHT MHOXKecTBa E mocTrasjieH B COOTBETCTBUE He-
KOTOpOMY (x0Tsi OBI OJHOMY) 3JIEMEHTYy MHOXecTBa D.

YnpaxHeHus

40.—+ HaiiguTe 3HaueHMs QyHKIUHU:
= 1

£ a) f(x)=x+-:? B ToukKax —1, g 10;
k13 n
0) f(x)=3 cos(x-—z> B TOYKAX —, O gk

B) f(x)=\bx—x* B TOukax 0, 1, 2;

r) f(x)=2—sin 2x B TOuKax —%, 0,

b1
E .
41.— 3anumuTre 3HAYEHUS (PYHKIMU:

a) f(x)=x>42x B Toukax x, t-+1;

6) f (x)tg 2x B TOUKax a, b—1;

B) f(x)=%+1 B TOYKAX X, a-+ 2;
x

r) f(x)=2 cos 3

42.— fiBnserca au rpadpukom pyHKnuHM Gurypa, u3odpakeHHas
Ha pucyHKe 26, a — 2?

vA y*

b

B TOYKax 2, h-m.

A y

B) r)
Puc. 26

28 Tpuronomerpuueckune QyHKIUW
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§ 1. TEOMETPHYECKHE NPEOBPA30OBAHHS
rPA®HUKOB ®YHKIHA

CTIPABOYHbIA MATEPHAI

Ecau m3Becte rpaduk ¢yHkuud y=/f(x), TO C MoMoubio He-
KOTOpHIX NPeo6pa3oBaHHH MJIOCKOCTH (MapaJlyieJIbHOro nepeHoca, oce-
BO/ M LEHTPANbHOH CHMMETPHH H T. Nl.) MOXHO MOCTPOMTb rpadHKH
GoJsee CJAOKHBIX (YHKLHH. ,

1. Tpaduk ¢dynkuuu f(bx) monyuaerca cxartueM rpadmuka f (x)

B b pa3 K ocH Oy npH b > 1 U1K pacTsKeHHeM B -:)—pas ot 3toit ocu Oy

npu 0<<b<<1 (puc. 16).

2. I'padpux ¢Qyukuuu f(x-c¢) nomyyaercs napajesbHbIM mepe-
HocoM rpaduka f (x) B OTpHLATeJLHOM HanpaBieHud ocu Ox Ha Il
npu ¢ >0 K B NONOXKHUTEBHOM HampaB/ieHuH Ha |c| npu ¢<<0 (puc. 17).

3. I'paduk dyskuun af (x) noayuaercs pacrskenneM rpaduxa fx)
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Puc. 19 Puc. 20

‘ g 1
BAOJIb OCH Oy B a pas npH a>l H CXXAaTHeM BJ0JIb 3TOH OCH B T pas

npu 0<<a<<! (puc. 18).

4. Tpaduk ¢dyukuuu f(x)+4k nonayuaercsi napaJjjesbHbIM nepe-
Hocom rpaduka f(x) B NOJNOKHTENbHOM HanpaBjenud ocu Oy Ha k
npu k>0 M B OTpPHUATe]HHOM HamMpaB/JeHHH 3TOH OCH Ha |k|
npu k<<0 (puc. 19).

5. I'paduk pynkunu y=f (— X) MoAy4aeTcsi CHMMETPHYHBIM OTOG-
pakenuem rpaduka f(x) oTHocHTesbHO ocH Oy (puc. 20). )

6. T'paduk Gpyskuun y= — f (x) noaydyaercsi CHMMeTPHU4HbIM OTOG-
paxkenuem rpaduka f(x) orHocHTenbHo ocu Ox (puc. 21).
yA YA YA

/ «
i L~ \INV faxn)
- : -

(0] >x i (0] X 0 X
d
4

fre) 3

Puc. 21 Puc. 22 Puc. 23
88
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7. Tpaduk oyukuuu y=|f (x)| monyuaercs u3 rpacduka QyHk-
wiH y=F (x) crenyomuM o6pa3oM: yacTb rpaduka y=f(x), nexa-
wasi Hax ocklo Ox, COXpaHsieTCs], 4acTh €ro, Jexauas noxi oceio Ox,
0T06GparkaeTcsi CHMMETPHYHO OTHOCHTeNbHO ocu Ox (puc. 22).

8. I'paduk Gpyukunn y=F (|x|) nonyuaercs u3 rpadpuka QyHKIHH
y=Ff (x) cneayownm o6pazom: npu x =0 rpaduk y=/f(x) coxpana-
ercsi, a npu x<<0 noJydyeHHas 4acCTh rpaduka OTOGpaKaETCs CHM-
MeTpPHYHO OTHOCHTenbHO ocu Oy (puc. 23).

§ 2. TMHEWHAS ®YHKUHUSA U EE TPAPUK

CIMPABOYHbIA MATEPHAJI

1. dyukuus, 3agannas Gopmyaoit y=~kx+b, rae k u b — Heko-
TOpbie YHC/Ia, Ha3blBaeTcsi JIHHEHHOH.

2. O6s1acTbIO Onpeae/]eHHs JHHEHHOH (YHKUHY CJYHKHT MHOXKeCT-
BO R Bcex IEeHCTBHTENBHBIX UHCE], TaK KaK BblpaxeHue kx--b umeer
CMBICJ NPH JIIOOBIX 3HAUEHHSX X.

3. T'padux snuHeiHOH (QYHKUMH y=~Kx-b ecTb npsaMas JHHHSA.
JIlna noctpoeHusi rpadHKa, OueBHIHO, AOCTATOYHO ABYX TOYEK, Ha-

npumep A (0; b) u B( —%; O), ecau k==0.

4. Koshduuuent k XxapakTepuayeT yroj, KOTOpblii o6pasyer
npaAMas y=kx C NOJIOXKHTEJbHBIM HanpasienueM ockn Ox (puc. 24),
nostoMy k HaswblBaeTcsi yroBbiM Koadouuuentom. Ecau k>0,
TO 3TOT YroJl OCTPbIf; ecaH k<0 — Tymo#; ecnu k=0, To npsamas
cosnagaer ¢ ocbio Ox.

5. Tpaduk ¢yHKunuH y=~Fkx-b MoxeT ObITb TaKkKe MOCTPOEH C
NOMOILIBIO TNapajjeNbHOro rnepeHoca rpaduka GyHKUHH y=kX
(cm. § 1, n. 4).

6. YpaBuenue Buaa kx-b=0 Ha3bIBaeTCs JIMHENHDIM. Has To-
ro uto6bl PELIUTD JHHEHOe ypaBHeHHEe rpaduuecKH, A0CTaTOUHO NO-
cTpouTh rpaduKk (GyHKUHM y=Fkx--b ¥ HalTH TOUKY ero mepeceue-
Hus ¢ ocblo Ox (Ha puc. 25 x; — KOpeHb ypaBHEHHS).

YA 7

/

X1

0 5 0 il
w0 y=-2
Puc. 24 Puc. 25 Puc. 26

89
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YNPAXXHEHHSI C PELUEHHSAMH

[MocTpouTb rpaduk GyHKUUH:
1) y=—2 2) y=—+5x+1; 3) y=13x—1; 4) y=3lx+2|—1.

Pewenue. 1) Jluneiinas opyuxkuus umeer BUA y=~kx-b, rae k
H b — 3ajanHbIe UYHCTa.

B panHoit GyHKuMH y= —2 k=0, x — n1060e NEACTBHTE/NbHOE
yneao, b= —2, 1. e. y=0-x—2.

Srta ¢ysKuusa 3ajaHa Ha Bced ocH Ox M i Kaxaoro x MpH-
HHMaeT OJHO H TO e 3HaueHue, paBHoe —2. CienoBaTesbHO, ee
rpaduk — npsimasi, napasienbHasi ocd Ox H OTCTOfILLAs OT Hee Ha
2 enuuuubl BHH3 (pHc. 26).

2) JanHaa GyHKUHS y=—-—;—x+l JIHHeHHas, rae k=——;—,

b=l '
Jlnsi nocTpoeHusi rpaduKa JHHeAHOH (YHKUHMH AOCTATOYHO ABYX
touek. Hafimem ux: ecin x=0, To y=1; ecan y=0, 10 x=2.
CoelMHSIs IPAMOIl HafileHHble TOYKH, IONydHM rpaduk AaHHOH QYHK-
uun (puc. 27).

3) Jlana dynkuusi y=-/3x— 1. 3necy k=-/3, b= —1. Haiinem
JBe TOYKH, NpHHaANexauue rpaduky QyHkuuu: npu x=0 y=—1;

ecau y=0, T0 x=—l\/-§—. CoeauHsisi NpSAMOH HaHJEHHbIE TOYKH, MOJY-
yaeM rpapuK AaHHON QYHKUMH (pHuc. 28).

4) Ins noctpoeHns rpadHka NaHHOH QYHKIHH HCMONb3yeM Ompe-
JieJieHHe MOAyJIsi:

a) {x+2>0, {x>—2,
y=3(x+2)—1; y=23x+5.
IMoctpoum rpaduk ¢yHkuun y=23x+5 npu x> —2 (pHc. 29).
6) {x+2<0. {x< —2,
y=—3(x+2)—1; y=—3x—1T.

Piuc. 28
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Puc. 29 Puc. 30 Puc. 31

TMocTponm rpaduk GyHKURH y= —3x—7 npu x <X —2 (pHc. 30).

Ipaduk dynkuun y=3|x+2| —1 mocrpoer Ha pucynke 31.
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§ 4. PYHKUHS y==% N EE FPA®HK
CNPABOYHBIA MATEPHAN

1. Ecan nepeMeHHasi y MPONMOPLUHOHA/IbHA NIEPEMEeHHOl X, TO 3Ta
3aBHCHMOCTD BbIpaxkaetcst popMyJioii y = kx, rae k0 — kosdppuuu-
eHT MpONOpPUHOHAIBHOCTH. ['paduk 37O (YHKUHH MBI PacCMOTpeJH
B§ 2.

2. Ecau nepemenHasi y o6paTHO NpoOnopLHOHAIbHA nepeMeHHOH X,

TO 3Ta 3aBHCHMOCTb BHIpa)kaercsi (opmyJo y=£—, rae k%0 —
Ko3()(HUHEHT 06PaTHOH IMPONOPIHOHANbHOCTH.

3. O6aactb onpeaeneHuss GyHKUHK y=% €CTb MHOXECTBO BCeX
yHcesi, OTJHYHBIX OT Hyas, T. €. (— oo, 0)U(0; + o).

4. I'padukoM 06GpaTHO# MPONOPLUHOHAJIBHOCTH y=—z— siBseTCA

KpHBasi, COCTOSILLASI W3 JBYX BeTBeH, CHMMETPHYHBIX OTHOCHTEJBHO
Hauana KoopauHat. Takas KpuBas asbiBaeTcs runep6ooi (puc. 35).
Ecan k>0, To BeTBH runep6o-
sl pacnosioxensbi B I u 111 koop-
JIMHATHBIX UYETBEPTSX; €CIH XKe
k<0, 1o 8o II u IV KoopauHart- y
HbIX YEeTBEpTAX.
5. 3ameThMm, uTO runep6oJa
He uMeeT OGLIHX TOYEK C OCAMH
KOOp/IMHAT, a JHIIb CKOJb yroA-
HO G6JIH3KO K HHM NpHOIHKaeT-
csi (o6bsiCHHTE MOYeMY).
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YNPA)XHEHHA C PEHIEHHAMHU
IToeTpouts rpaduk GyHKIHH:

1) y=—; 2) y==

Pewenne 1) Ina noctpoeHus: rpaduka HaHHOH (YHKUHH,
yacTo BCTpeyaliolliefica Ha NpakTHKe, YCTAHOBHM CHauajia HeKOTopble
ee CBOHCTBA.

a) OyHKuusg onpejeneHa NpH Bcex JdeHCTBHTeNbHBIX x0. Ilpu
x=0 ¢yHKUHS He onpejeJeHa (HeJHTb HAa HyJab Heab3s!). Takum
o6pa3oM, obs1acTb onpefeseHHs (yHKUHH COCTOMT H3 ABYX POMEXYT-
KOB: (— 00; 0) u (0; 4 o).

6) ®yHKuuA HeueTHas, Tak Kak f (—x)= —f (x). CnenoBarenbHo,
ee rpadHK CHMMETPHUYEH OTHOCHTE/NbHO HayaJja koopauHat. [losromy
JIOCTaTOYHO paccMOTpeTb JaHHYI0 (GYHKUHIO ToabKo anas x>0.

B) Ilpu x>0 dpyukuus y6riBaer. [leACTBHTENBHO, TYCTb X2 => X1 >

1 1
>0, Toraa }T<}T’ T. €. Y <<y.

I'paduk q)yﬂxunuiyz-:lv— MOCTPOEeH Ha pHCyHKe 35. dTta KpuBas

HasbiBaercsi runep6osiod. OHa COCTOMT H3 [ABYX BeTBeH, pacrnoJo-
xkeHHbIX B I W Il koopanHATHBIX ueTBepTAX.

2) Tpaduk dyHKUHH y=-§:— HMeeT Tako# e BHA, UTO M rpaduk

GyHKUHH —i—; npHu k>0 BerBu runep6osnl pacnonoxensl B I u 111 ko-

OpAMHATHBIX YeTBepTAX, NpH k<0 BeTBH pacnosnoxeHsl Bo 11 u IV yer-
BEpTHAX.

JAHIAKTHYECKHA MATEPHA/

ITocTpoiiTe Ha OZHOM pHCYHKeE rpaquu QYHKIHH:
2 4 0,25
1) Yeme B gommty 2) y="2'n y=22;
U 4 0,5 0,25
0 Lt e et S W W it ol

HaszoBuTte B Kaxaom cjlydae 3Ha4yeHHe k.
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Monoronnocts pynkuuu. [TpuseneM onpeneneHue.

r_(il DyHKIUST Ha3BIBAETCS @03pacmaroweii na ompeske [a, b), npu-
HaJuIexanieM o6J1acTu ornpeneneHus GyHKIMKU, eCu JII000My OOJIbIIEMY
3HAYEHMIO apTyMEHTAa U3 3TOT0 OTPe3Ka COOTBETCTBYET OOJIbIliee 3HAYEHUE

dyHKIMM
X3> x> f(x) > f(xy) V x3, X, € [a, b].

@ DyHKUUS Ha3BIBaeTCs yOblearoweli na ompeske [a, b], ecnu mo-
60My OoJbLIEMY 3HAYEHUIO apTYMEHTA U3 3TOT0 MHTEpBaJla COOTBETCTBYIOT
MEHBIINE 3HAYCHUs QYHKLIMU

Xy > X, f(xy) <f(x)) V xy, x; € [a, b].

@ ®yHKIMK, YOBIBAIOIIME WIXA BO3PACTAIOLINE Ha HEKOTOPOM YHMCIIOBOM
TMPOMEXYTKE, Ha3bIBAIOTCS MOHOMOKRHbIMU Pyrkyuamu (puc. 17.8).

IIpuBenem cBoiicTBa MOHOTOHHBIX (DYHKIMI (TIpEAIioNaraeTcsi, 4YTo
Bce QYHKIMU OTPEAETIeHBI HA HEKOTOPOM MpoMexXyTKe D):

1) cyMMa HECKOJIBKUX BO3pacTaiomux (GyHKIIMHA SBISETCS BO3pac-
Talouei QyHKIIUeEH;

2) Mpou3BeACHUE HEOTPULATEIBHBIX BO3PACTAIONIMX (DYHKIIMIA €CTh
Bo3pacTtaomas GyHKIUS;

3) ecmu dyHKums f Bo3pacraet, To byHkuuu cf (¢ > 0) u f+ ¢ Takxke
BO3pacTaloT, a GyHKius cf (¢ < 0) yoniBaer. 3nech ¢ — HEKOTOpasi KOH-
CTaHTa;

4) ecmu byHKIMS £ BO3pacTaeT M COXpaHAET 3HAK, TO QYHKIUS 1
yOBIBaeT; f

5) ecnu dbyHKIMS f BO3pacTaeT ¥ HEOTPHUIIATeNbHa, TO ", rne n € N,
TaKkXe BO3PaCTaeT,

6) ecom byHKIIMSA f BO3pAacTaeT U © — HEYETHOE YHUCIIO, TO f TaKXKe
BO3pACTaeT;

7) xomnosunus g (f(x)) Bo3pacraomux GYHKIUMA £ 1 g TAKXKE BO3-
pacraer.

¥
1,5
1,0
0,5
-6 -4 -2 2 + 6 X
-0,5
-1,0
-1,5
Puc. 17.8
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AHaJIOTHYHBIE YTBEPXKICHUSI MOXHO ChOPMYIUPOBATH U TSI yOBIBAIO-
el QyHKIMH.

@ Touka a Ha3bIBaeTCsA TOYKON Maxcumyma pynxuyuu f, eCiu cyue-
CTBYET TaKasl £-OKPECTHOCTh TOYKH d, YTO JUIsl JIIOOOro X U3 3TOM OKPECT-
HOCTHU BHIITOJIHSIETCSI HEPABEHCTBO f(a) = f(x).

@ Touka a Ha3BIBaCTCsI TOYKON MunuMyma pyrxuuu f, €Clv CylieCTBy-
€T Takasl £&-OKPECTHOCTb TOYKH @, YTO JUIs1 JIIOOOTo X U3 3TOM OKPECTHOCTH
BBIIOJIHSIETCS HEPABEHCTBO f(a) < f(x).

@ TO‘{KI/I, B KOTOPBIX JOCTUTracTCa MAKCUMYM WJIN MUHUMYM (I)YHKHI/II/I,
Ha3bIBAIOT TOYKAaMU 3KCMpeMyMa.

B Touke 3KCTpeMyMa MPOUCXOTUT CMEHA XapakTepa MOHOTOHHOCTU
dyuxkuun. Tak, ciieBa OT TOYKH 3KCTpeMyMa (QYHKLMS MOXET BO3pac-
TaTh, a crpaBa — yobiBaTh. COIIACHO OIPEAEIIEHUIO, TOYKa SKCTPEMyMa
JIOJDKHA OBITh BHYTPECHHEH TOYKOU 00JIaCTH ONpENesICHUS.

@ Ecmm mia mo6oro x € D (x # a) BBIIIOIHSIETCS HEpaBeHCTBO f(x) < f(a)
(a € D), To TOUKa @ Ha3bIBAETCS TOUKOU Hauboabuie20 3Ha4enus PyHK-
yuu Ha MHOXeCTBe D: mag(f(x) = f(a).

Xe

Ecmm s mo6oro x € D (x # b) BBINIOJTHSETCS HEPABEHCTBO f(X) >
> f(b) (b € D), To TOuKa b Ha3BEIBaeTCA TOYKON HAUMEHbULE20 3HAYECHUS
dyuryuu na maoxecrse D: mjg f(x)=r£(b).

XE.

Touka HaMOOJBIIETO WA HAaUMEHBILIETO 3HAYCHUSI MOXET OBITh 3KC-
TpeMyMOM (PYHKIIUM, HO HE 00S3aTEIbHO UM SIBIISIETCSL.

Touky HaubOJIBIIErO (HAUMEHBIIIET0) 3HAYEHHST HEMTPEPHIBHOM Ha OT-
pe3ke QYHKIIMK CIeAyeT UCKATh CPEIU IKCTPEMYMOB 3TOM QYyHKIIMU U e
3HAYEHU Ha KOHIIAX OTPEe3Ka.

OrpannyenHocts pynkumm. [Tpusenem onpeneneHue.
@ Ecnu cymectByet uncio C Takoe, 9TO AJIs1 TI000ro X € D BHIIIOIHSAETCS

HepaBeHCTBO f(x) < C, To GyHKIMS f HA3bIBACTCS 02PAHUMEHHOU C8EPXY
Ha mHOXecTBe D (puc. 17.9).

@ Eciu cylecTByeT YUCIIO ¢ TaKOe, YTO IS JTII0OOTOo X € D BBITIOIHSETCS
HEpPaBEHCTBO f(x) > ¢, To GYHKIUS f Ha3bIBACTCSI O2PAHUHEHHOU CHU3Y
Ha MHOXectBe D (puc. 17.10).

@ @yHKIWSA, OTPAHWICHHAS] U CBEPXY, U CHU3Y, Ha3bIBACTCSI O2PaHU-
ywennou Ha MHOXecTBe D (puc. 17.11).

TeoMeTpHrYeCKH OrpaHUYEHHOCTh QYHKIMH f Ha MHOXecTBe D O3Ha-
gaeT, 4To rpaduk QyHKIHMH y = f(x), x € D sexur B monoce ¢ <y < C.

@ Ecnu @yHKIMs HE SBISETCS OTPaHWYEHHOUW Ha MHOXECTBE, TO IO-
BODAT, 4YTO OHA He 0ZPAHUYMECHA.
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Puc. 17.9

Puc. 17.11

IIpumepoM GYHKIIMY, OTPAaHUYEHHOM CHU3Y Ha BCEW YMCIOBOH OCH,
spisieTcss pyHKms y = x2. IpuMepoM GYHKIMH, OTPaHWMYEHHOM CBEPXY

Ha MHOXecCTBe (—o0; 0), siBysiercst pyHKuus y = % ITpumepom byHKIIUH,

OrpaHMYEHHON Ha BCEM YMCIIOBOM OCH, sBJIsieTcsl (DyHKIMS y = sinXx.

17.8. J/iuneitHasa GyHKUMA u ee Tpaduk

@ ®Dyukumsa Buna y = kx + b, tae k u b — neiicTBUTENbHBIE YUCTIa, Ha-
3bIBACTCS AUHEUHOU.
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§ 1. CBONCTBA ®YHKLHH y=sin x W EE TPA®HK

CNPABOYHbIA MATEPHA

1. OcHOBHblEe CBOHCTBA (DYHKUHH y=sin x:
a) o6nacTb oOnpeieNeHHst — MHOXECTBO BCeX HEHCTBHTEbHBIX
qHCes;

6) MHOXKeCTBO 3HaueHMH — orpe3ok [—1; 1], 3nauur, cuHyc —
(PYHKUHSA OrpaHUueHHas;

B) (yHKUHMsI HeueTHas: sin (—x)= —sin x 15 Bcex X€R;

r) GyHKuHA MepHOJHYECKAs C HAHMEHBUINM TOJOXKHTENbHBIM Me-
puomoMm 2x, T. e. sin (x4 2m)=sin x nas Bcex XER; :

) sin x=0 npu x=nk, REZ,
e) sin x>0 nas Bcex x€(2nk; n+2nk), REZ;
XK) sin x<<0 pas Bcex x€(m—2nk; 2n2nk), kEZ,

3) ¢yHKuuss Bo3pactaer or —1 1o 1 na NPOMeKyTKax
4 Gl .

[ —5-+2ak; 3+2nk], keZ;
H) q)ym(upm y6oiBaeT or 1 po —1 Ha npoMexyTrkax

[—+2 ks 2 +onk], keZ;
K) <pym<mm npuHHMaer Haubosbluee 3HauyeHHe, paBHoe 1, B
TOYKax x=—’2‘——+2nk, keZ,

J) (yHKUMA NPHHAMAaeT HaHMeHblluee 3HaueHHe, paBHoe — 1, B
3
TOYKaxX x=—n+2 k, kEZ.

2. l/lcnonbsysl CBOMCTBA CHHyCa, CHaya/la CTPOMM ero rpaduk
Ha mpoMexyTke [—m; @], T. e. Ha NPOMeXYTKe, NJMHA KOTOPOro
paBHa nepHopy ¢yHkuuu (puc. 106).

”CHOJleyﬁ NepHOAHYHOCTD (byHKLum y==sin x, cTpouM rpaguk
q)yHKuHu Ha BceH yHc0BOH mpsiMmo# (puc. 107).
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Puc. 106

y =sinx /—~

Puc. 107

YNPAXXHEHUSA C PELUEHHSIMH

1. Iloctpouts rpacdux ¢yukuuu: 1) y==sin %—x; 2) y=sin 3x.

Ilnst nocTpoenus JaHHbIX rpauKOB GyAeT MCHOAL30BAH TpHeM
pacTsiKeHHs1 U CKaTusl rpaduka no ocH abcuuce. DTOT NPHEM YacToO
NPHMEHSITCSA MPH MOCTPOCHHH IPadUKOB TPHTOHOMETPHUECKUX (DyHK-
LHH.- ;

|

Pemenue. 1) y=sin 5 X O6nacTb onpefeneHusi QyHKIHH —
BCS UHC/IOBast npsivasi. MHOXecTBO 3HaueHuit Gpynkunn — 1 <y << 1.

dyHKuus HeueTHasi, mepuomuueckasl. Ilepuoa aaHHON (GYHKLHH

HailleM M3 paBeHCTBA sin i:sin(%—{—?n =sin(x+4”) , =4,

2 2

CrepoBaTenbHo, CHauasia J0CTAaTOYHO MOCTPOHTb YacTh Tpaduka
Ha orpeske [0; 2n].

Haiinem Toukm nepeceuenusi rpaduka c ocvio Ox. Ecnu y=0, 10
sin ;—:0, OoTKyna ;—=nk. x=2nk, rae £k=0,1, T. e. HA maHHOM
noJiynepHoze Kpusasi nepecekaet ocb Ox B AByX Toukax (0; 0) u (2m; 0).

Makcumym ¢yHKUHH paBen 1 npu )2‘—:—;——, T. €.. IPH X = T.

. X
ITo 3THM naHHBIM MOCTPOMM TrpadHK (YHKUHH y=sin 5-. Cha-
yaJa rpaguk CTPOMM AJIsi MOJOXKHTENbHOro mnoaynepuopa [0; 2mu],
3aTeM Ha OTpPe3Ke, COOTBETCTBYIOLLEM OTPHLATENBHOMY MOJAYNEPHOLY
[0; —2m] (puc. 108), u, HakoHen, Ha Bcell 06/1aCTH ONpeje/eHUsT
(lWwTpHxOBas JHHHSA).
X

3ameuanue. I'paduk QpyHkuun y=sin 3

MO2KHO INOCTPOHTDH
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P 1

R T s —

conmul WTpHOROR AnNnei Wa preyie 109,
in’x pasen

msin x, v

Samelaen, IO NEPHOR NCXORHOR DYIKLL Y
Gy =2%, 8 nepHOA 33aHO KLy sin £~ cocTanaer
7. €. nanoe Gomme nepuora wexoasoR ynwunn, Tai opato,
AN, KOTOpR TPEOYETES MOCTPONTS, TOYUNTEA 3. HOXOANORD
Iauxs (wrpixosoro, wa picyae 109) Myrew pactaxema ero
a0an ocu Ox Basor.

2) = sin . Obaacr, onpeaesenn pyiKAN — beA iconan
pAMaA, BHONeETSO Snaueil — oTpesoN [ 1

Tepuon ymawn  waxomes o pasencrsa sin 3=

in3(c+2) . oreyma mcpuos a—%, oy

=3
Haacw o nepecescinn rpabma ¢ ocvo O
By ) omeyan Bemak, 1= , e
T € O AN moAYOOIORS KpHBA nepecexdcr och OX  angx
rouax (0; 0) n (4 )

Makcnuys by pavn 1 npu 36,7 € o x

o 51w xamneaw moctpows rpad y=sin 3¢ (puc. 110)
3aneuanne. Tpau Gyinn §—sin 3¢ NONIO HOCTPONT
fyrew Cxatas 10 oci OF HCXORYOTO FpAHKA §—sin X b 3 paa

paaa wem-

o sin 3

o 111, ax v nepuon 2 sasanmot v
e s 2 escanoh dymen
-
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Puc. 111

Takum 06pa3om, eC/id H3BECTeH rpaduk y = (x), T0 rpaduK PyHK-
wuu y=f (kX) CTPOUTCS NOCPEIACTBOM C:KaTHA MO oct Ox HCXOAHOTO
rpauka MPOMOPLHOHATLHO KO PUUHEHTY Kk npH  aprymenTe
(cm. ra. IX), a HMEHHO:

ecan k=1, To cxarue B k pas;

ecnin 0 <k << 1, TO pacTsiKeHHe B —lk— pas.
2. Tloctpoutb rpaduk QyHKUHH:
1) y=3sin x; 2) y=—;—sin b ok

JIisi MOCTPOeHUst AaHHbIX TpapuKos Gyser HCIoJIb30BaH TpHEM
PACTSKEHHSI M -CXKATHSA MO OCH OpAHHAT.

Pemenue 1) y=3sinx. Crpourb 35TOT rpaduKk MeTOAOM
[TOJIHOTO HCC/IeOBAHUS (PYHKIMH, KAK 3TO Mbl Ae/ajii B npebILy LHX
npumepax, HeuesnecooGpasHo. '

HeTpyaHo 3aMeTHTh, UTO OPAHHATDI rpapuka y=3sin x B 3 pasa
GoJiblLIe COOTBETCTBYIOILMX OPAHHAT rpapuka y=sin x. [losTomy rpa-
duk 3anaHHO QYHKIUHH CTPOMTCA MyTEM yBeJIHUeHHsI BCEX OpAMHAT
HCXOAHOrO rpaduka B 3 pasa, T. . MyTeMm PaCTAXEHHI MCXOJ/LHOTO
rpacduka no ocu Oy B 3 pasa (puc. 112).

2) y=0,5 sin x. [To Tem xe CO0GpaXKEHHSIM 3TOT TpaduK CTPOHT-
¢l cioco60M yMeHblUeH sl BCeX OpAHHAT MCXoAHOTO rpaduka B 2 pasa,
T. €. TMyTeM CXaTHf HCXOAHOro rpaduka Mo OcH Oy B 2 pasa
(puc. 112).

Takum 06pa3oM, ecian H3BECTEH rpaduK GyHKUHH y=f({x), To
rpapuk GyHKUHH Y = Kkf (X) CTPOHTCS MOCPEACTBOM PACTANKEHH BROJID
ocu Oy wucxoaHoro rpaduka NPONOPUHOHANBHO KOIDGHILHEHTY k,
a MMEeHHO:
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i =3sinx
3 . e /

2 L3 y=sinx <
/

Puc. 112

ecan k>1, To pacTsKeHne B k pas;
ecan 0<<k<<1, TO cxKartue B —;;— pas.

.3. Tocrpouts rpaduk GyHKIUM y=1,5-—2 sin(Sx—}-%—) !
Peulenue 3anuuem QyHKUHIO Tak:

y=—2 sin(3x+-f;—) +1,5.

[1peo6pasyem BhipaxkeHHe B CKOOKax TakuM 06pa3om, 4TOObI
BBISIBHTb «100ABOK» K apryMeHTy X:

y=—2sin(3(x+5)) +1.5.

CrpouM rpaduk. GpyHKIHH Y= — sin X.
Hedopmauussi no ocu abecuuce (cxkarue BTpoe) 006s3aTeNbHO

npeilecTByeT FOPH30HTANbHOMY CABHTY OCH OpAMHAT Ha ( —l—% !

a fedopmauusi No OCH OpAMHAT (pacTsiKeHHe BJABOE) NO/XKHA Mpef-

LI1€CTBOBATh BEPTHKAJIbHOMY CABHIY ocH abcuucc Ha (—1,5), Tak Kak
rpaduK Bech NMOAHHMATDH CJOXKHEE.
C/ie0BaTeNIbHO, TOPSIIOK NMOCTPOEHHsI rpadhKka TaKok:
CTPOUM rpaHK (QYHKUHUH Y= —Sin X;
3TOT rpaduk CXMMaeMm no ocu abcuucce B 3 pasa;
EAd .
E‘ )
rpaduk pacTsiruBaeM IO OCH OpPAHHAT B 2 pasa;
OCb a0ClLHUCC MEepeHoCHM Mo BepTHKaau Ha — 1,5.
I'paduk dyskunn nocrpoen Ha pucyske 113,
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Puc. 114

4. Tloctpouthb rpaduK QyHKuHH y=2—sin | x+——g—‘ .

Pewenne. 1-i cnoco6. Crpoum rpaduxk (yHKUHH Y=

i 11
— —sin |x|. Ocb OpAMHAT NePeHOCHM Ha ~+——, a 0Cb abcuuce — Ha

3
—2 (puc. 114).
2-ii cnoco6. papuk HMeeT ABe BETBH, ypaBHEHHS KOTOPbIX
pasyInyuHbL.

1) Ecau x—{—%}(), T. e. x}—%, T0 g/=2—sin(x+—g—).
2) Ecnux+%<0,1.e.x<—g—,'roy=2——sin< ——(x—}-%—)).—_
=2+sin<x+—g—) :

O6aactb onpeneneHs GyHKUMY — BCS UHCJI0Basi npsMas.
MHTepBan u3MeHeHHs (QYHKLHA onpejessieM U3 yC/IOBHA

g esin)rpd gl e —I42gy<I+Y I<y<S.

o n
O6masi Touka Aid o6Genx BeTBell rpagpuka: Y= —-—{ Y=

=;—sin 10l +2=2; TOl{Ka( ——’3—‘—' 2) }




image31.jpeg
17.10. CnoxxHaa GYHKLUUSA

@ Ecnu GyHKIMS y 3aBUCHUT OT NIEPEMEHHOM U, T.€. ¥y = f(u), u € U,
a u, B CBOIO OYEpelb, SIBISIETCS KaKOH-IM00 QyHKIMEN OT HE3aBUCH-
MOJi TIEPEMEHHOI X, T.€. ¥ = g(x), X € X, TO IIepeMEHHAasI y Ha3bIBACTCS
(yHK1MEH OT QYHKIMHU (WU C210XcHOl yHKyuel) OT X Y 3aITUChIBACTCS
B BUge Y=f(u), u = g(x), wm y = fg(x)].

O06IacTh ONpeNeIEHMs CIOXHOM QYHKIIMY — MHOXECTBO TeX 3HAYEHUIA
x € X, g XOoTOpBIX GYHKLMS g(X) OnpenesieHa, KpoOMe TOro, 3Ha4YeHUs U
MpUHaIexar obnact onpeneneHust GyHKuuu y = f(u).

@ DyuKuMs y =+/x% —2x—3 ABISAETCS CIOXHOMN. 31eCh y=unu-=
=x>-2x-3.

Pewenue. Dyaxmst u = x> — 2x — 3 onpenesieHa Ha BCeil YUCIIOBOM Npsi-
Moit, T.e. x € R. B 06macTh onpeneneHust GyHKIMH y = f(X) BXOIAT JIMIITb
Te 3HAUYEHMS X, UL KOTOPBIX MOAKOPEHHOE BBIPAXKEHUE HEOTPULIATEIIBHO
x2 - 2x -3 >0, mosromy x < — 1 u x > 3. CnenoBatensHo, D = (—o, 1] U
U [3, +). Ha unrepBane [-1, 3] 3agaHHas GyHKLIMS HE CYLIECTBYET.

W3 onpeneieHus CIEIyeT, YTO cloXHas yHkmA y = f[g(x)] Mmoxer
GbITh MPEICTABIEHA B BUIE LEMOYKU MPOCTHIX hyHKIWMis: y = f(u), u =
= g(x). [lepeMeHHYO & TIPUHSATO HA3bIBaTh IPOMEXYTOYHBIM aPIYMEHTOM
B OTIMYME OT HE3aBUCUMOW MEPEMEHHOM X.




